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Abstract
Nonlinear McKendrick equation with age-dependent mortality and
fertility is considered. In [1| the author deduced the characteristic equa-
tion whose roots determine the stability. We are able to give sufficient
conditions for the stability of the stationary solutions of the system in
some cases.
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1 Introduction

Non-linear age-dependent models have a recent history. Many biological phe-
nomenons can be modelled better by non-linear differential equations. Age-

specific mortality and fertility are among the most basic parameters of the
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theory of population dynamics and demography. In the present paper we shall

consider the following McKendrick-type equation [2],[5] .

8pgﬁt, a) (9p(at6;a) — . P(O)p(t.a) "

p(0,a) := po(a),

where p(t,a) denotes the density of individuals of age a at time ¢,

P(t)—/o p(t,a)da (1.2)

is the quantity of the total population at time ¢; p(a, P(t)) denotes the intrinsic
mortality and ((a, P(t)) the fertility.

The density of newborns at time t is given by

p(£,0) = /0 B(a, P(t))p(t, a)da. (1.3)

We assume a finite maximal age denoted by M.

This type of models has a wide literature. There exists results about sta-
bility in special cases. In [4] Sect. IV an Allee-logistic model is treated where
the main assumption is that the mortality does not depend on the size of the
population, and a factorization property for the fertility rate 5(a, P(t)) is as-
sumed. In the next section we will able to give sufficient condition for stability
under the same assumptions.

Our motivation is that the characteristic equation deduced by the author
in [1] seems to be very useful deciding stability as an example in [1| presented

first by Gurtin and MacCamy in [3] shows.

2 u does not depend on P(t)

Recall the characteristic equation corresponding to the stationary solution of
(1.1)-(1.3), p1(a) = py(0)e~Jo #(s:P0ds from [1]
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KO = A (V) As(\) — AN A (\) + Aa(A) + Agy(A) = 1

where

M
An(/\):/ e~ e Jo s Pds gy
0

M a
Ap(N) = —pi(0) / e 5 nlsPr)ds( / 4o (s, Py)eds)da,

0 0

M
AQl()\) = / B_Aaﬁ(a, Pl)e_foa M(&Pl)dsd(l,
0

M M a
A (N) = pl(O)(/ Bp(a, Py)e” foa"(s’Pl)dea—/ e B(a, Py)e Jo #sd / (s, Py)eMdsda)
0

0

where P = fo p1(a)da is the quantity of the total population.

Recall the following notations:

m(a, P(t)) = ¢~ Jo #loPOs, (P(t))Z/O Bla, P(t))m(a, P(t))da

where the second term denotes the so called net reproductive number and
R(P;) =1 at any stationary solution, obviously.

Now suppose that p(a, P(t)) = m(a) and [(a, P(t)) = b(a)f(P) where
b(.),m(.), f(.) € CL.

Theorem 1. The characteristic equation K(\) = 1 for any stationary
solution p(a) is stable if and only if R'(FPy) < 0.

Proof. Under the assumptions for the vital rates above the characteristic

equation reduces to the following

/OM e Mm(a)B(a, Pr)da + /OM e 7 (a)da /OM Bp(a, P)p1(0)m(a)da = 1
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al

d
/0 B (a, P)ps (0)m(a)da = / (PO (0)b(a)n(a)da.

For any stationary solution

/0 G(a, Pl)ﬂ(a)da:/o f(P)b(a)m(a)da = 1,
and with

Py
10) =~
21(0) Jy m(a)da

we get

b f(R)
I x(a)da f(Pr)

K(\) = 1:/0 e_A“W(a)b(a)f(Pl)da—l—/o e 7 (a)da

Now suppose that f/(P;) > 0 holds. Then it is easy to see that for the

characteristic equation K (\)

limy—_ oK (N\) = 400 limy_1oK(A\) =0

and K (A) is a strictly monotone decreasing function of A, so there exists
exactly one real A for which K'(\) = 1 holds. Now we are going to show that
A > 0 holds. Contrary, suppose that A < 0. Then for every a € [0, M] we have
e* > 1. Then

/0 e 71 (a)b(a) f(P))da >/0 m(a)b(a) f(P)da =1,

and

M e m(a)  f'(P)
/0 ch foMﬂ(a)da f(P) da =0

This shows that K(\) > 1 for every A < 0.
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On the other hand if f'(P;) < 0 then suppose that there exists a solution

A =1x + 1y with x > 0. Then the characteristic equation assumes the form

1 =Re(K(\) = /0 e "cos(ya)m(a)b(a) f(Pr)da

P f(7)
fOM m(a)da J(P1)

—l—/o e " cos(ya)m(a)da
and Im(K (X)) = 0.

If >0 then e ™ <1 and |cos(ya)| < 1, so that

f'(P)
f(P)

f'(P)
f(Pr)

da§1+P1

Re(K()) < /O w(a)b(a) f(P)da + P; <1,

a contradiction.
Finally observe that R'(P;)) < 0 <= f'(P1) < 0 because R(P) =

1M b(a) f(P)r(a)da.

This result is in accordance with the example of Gurtin-MacCamy (see
[1],[3]), because now m/(P) =0 and —3'(P,) >0 < f'(P) < 0.

3 u does depend on P

Now suppose the following vital rates, both of them depending on P

Bla, P) = bla)f(P), pla,P).

The characteristic equation is

K = A\ Ass(\) — Aia(N) Asr(A) + A1a(A) + Agr(A) = 1,

where now



M
A = [ e nla, Ryda
0

a

M
App(N) = —pl(O)/ e 7 (a, Pl)/ (s, P1)edsda
0 0
M
As(N) = / e **3(a, P)w(a, Py)da
0

a

Az () :pl(O)(/O Bp(a, Py)m(a, Pl)da—/o e_)‘“ﬁ(a,Pl)/O wo(s, Py)eMdsm(a, Py)da).

Theorem 2. The stationary solution p;(a) corresponding to the popula-
tion quantity P; is asymptotically stable if f(P;) < 0 and p/s(., P;) > 0.

Remark. We are to prove that under the conditions above the character-
istic equation cannot have roots with positive or zero real part, and we refer
to [4] Th.I.5.1, where it is proven that if there exist a root with positive real
part then there exists a real positive root, too.

Proof. We are going to prove that under the conditions for the vital rates
for any real A > 0 we have K(\) < 1.
Observe that Ag (A\) <1 <= X >0, so it is enough to prove

All(A)AQQ(}\) — Au()\)AQl(/\) + Am()\) <0

or

—An (N An(\) — Ap(N\) > — A (V) As (V). (3.1)

Simplifying the first term of Ay () we get:

An(N) = p1<o><§'(<§j)) - / e b(a) f(P) / "X (s, P)dsr(a, P)da).

6



Now we are going to substitute the A;;()) into the inequality (3.1):

f'(P)
f(Pr)

M
p1(0) / e_’\aﬂ(a, Py)da+
0

+p1(0)/0 e Mr(a, Pl)da(/0 e b(a) f(Py)7(a, Pl)/oa e 1p(s, P)dsda)+

M a
+p1(0)/ e’\“7r(a,P1)/ e (s, Pr)dsda >
0 0

M a M
>p1(0)(/ e 7 (a, Pl)/ e’\s,u;,(s,Pl)dsda)(/ e B(a, P))n(a, P,)da).
0 0 0
(3.2)
Omitting the first term of the left-hand side and dividing by p;(0) we get

(/OM e 7 (a, Pl)da)(/OM e B(a, P)w(a, P,) /Oa Ml (s, Pr)dsda)+

M a
—l—/ e_’\aﬂ(a,Pl)/ e p(s, P)dsda >
0 0

> /O Y Py /0 "Ml (s, Pr)dsda)( /0 Y B0, Poym(a, P )da) (3.3)

which implies (3.2).

Subtracting the second term of the left-hand side we get

( /0 Y (. P da) /0 Y B0, Po(a, Py) /0 "N (s, P)dsda) >



M a M
> (/ e Mr(a, Pl)/ e’\su’P(s,Pl)dsda)(/ e B(a, P)r(a, P)da — 1).
0 0 0
(3.4)
Finally observe that for A > 0 we have e ** < 1 so that

(/0 e B(a, P))n(a, P,)da — 1) < 0.

The first factor of the right-hand side of (3.4) is positive because p/'(., Py) >
0, thus the right-hand side is negativ while the left-hand side is positive. This
proves (3.3) wich implies (3.2).

Remark. Under the assumptions on the vital rates in the theorem R'(P;) <
0 holds.

R(P(t)) = / B(a, P(t))m(a, P(t))da

M
R(P) = / Bp(a, P)m(a, Pr) + Ba, P)mp(a, Pr)da
0
7r33<a7 Pl) - _/ IUIP<S> Pl)dse_ Jo le,Prds — —’/T(CI,, Pl)/ luzlu(sa Pl)ds
0 0

M M a
R'(Pl):/o ﬁ},(a,Pl)ﬂ(a,Pl)da—/o ﬁ(a,Pl)ﬁ(a,Pl)/o wp(s, Py)dsda

If 8., P) <0, tp(., P1) > 0 then R/(Py) < 0.
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