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Abstract

Question: Can increased host resistance drive a pathogen to extinction? Do more complex ecosystems
lead to significantly different evolutionary behaviour and new potential extinctions?

Mathematical Method: Merging host parasite models with predator prey models. Analytically studying
evolution using adaptive dynamics and trade-off and invasion plots, and carrying out numerical
simulations.

Key Assumptions: Mass action (general mixing). All individuals of a given phenotype are identical. Only
prey vulnerable to infection. Mutations are small and rare (however the assumption on the size of
mutation is relaxed later). In simulations, very small (negligible) populations are at risk of extinction.

Conclusions: The presence of the predator can significantly change evolutionary outcomes for host
resistance to a pathogen and can create branching points where none occurred previously. The
pathogen (and sometimes the predator) is protected from exclusion if we take mutations to be
arbitrarily small; however relaxing the assumption on mutation size can lead to its exclusion. Increased
resistance can drive the predator and/or pathogen to extinction depending on inter-species dynamics,
such as predator’s preference for infected prey. Predator co-evolution can move exclusion boundaries
and prevent the predator’s own extinction if its rate of mutation is high enough (in respect to the

prey’s).

Keywords: adaptive dynamics, co-evolution, extinction, eco-epidemiology, parasite, singular strategy.


mailto:a.best@shef.ac.uk

36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77

Evolution of host resistance Hoyle et al.

1) Introduction

Understanding the evolutionary dynamics of infectious diseases remains a key topic in evolutionary
ecology and is central to our management of natural systems. Our theoretical understanding of the
evolution of hosts and their parasites continues to grow (e.g. Levin and Pimental, 1981; Boots and
Haraguchi, 1999; Best et al., 2010), yet studies tend to assume that hosts and parasites interact in
isolation. In reality, ecosystems consist of a complex mix of species, including hosts, parasites, predators,
prey, competitors and mutualists. Understanding how infectious disease dynamics are affected by the
interference of this range of interacting species is clearly crucial for any predictions to be made in real
systems.

Much of the theory on infectious disease systems has focussed on the evolution of the parasite,
investigating, for example, when disease may become endemic and when highly virulent parasites may
be selected for(e.g. Levin and Pimental, 1981; Anderson and May, 1981; Pugliese, 2002; Svennungsen
and Kisdi, 2009). In response to parasitism, hosts are clearly likely to experience strong selection to
develop defence mechanisms, and there is a growing body of theory focussing on the evolution of the
host (e.g. Frank, 1993; Boots and Bowers, 1999, 2004). Broadly, host defence may be divided into two
sub-classes: resistance and tolerance. Resistance mechanisms, which act to directly harm the parasite,
include avoidance of infection (Boots and Haraguchi, 1999; Boots and Bowers, 1999), clearance of
disease (Boots and Bowers, 1999; van Baalen, 1998) and acquired immunity (Boots and Bowers, 2004),
whilst tolerance mechanisms do not affect the parasite, but rather ameliorate parasite-induced damage
(Boots and Bowers, 1999, 2004; Roy and Kirchner, 2000; Miller et al., 2005). The differing feedbacks
produced by these alternate defence mechanisms can result in very different behaviours (Boots, 2008;
Boots et al., 2009), for example allowing branching to coexistence of host strains when defence is
through resistance but not when it is through tolerance (Roy and Kirchner, 2000; Miller et al., 2005; but
see Best et al., 2009).

Whilst the evolution of both parasites and hosts (and, increasingly, their co-evolution (van Baalen, 1998;
Dieckmann et al., 2002; Restif and Koella, 2003; Best et al, 2010) is now well studied in relatively simple
one host — one parasite systems, there has been little consideration of how interactions with other
species may impact disease dynamics. Conversely, a number of predator-prey and competition models
have shown that interacting species play an important role in their evolutionary dynamics (e.g. Bowers
etal., 2003; Kisdi, 1999; Hoyle et al., 2008), however these do not include pathogens. In two recent
exceptions, Morozov and Adamson (2011) and Morozov and Best (In Press) studied an SI model where
predators fed on infected prey and found that the evolution of pathogen virulence changes due to the
presence of a predator. In population studies, extensive studies have shown that these interactions,
particularly predate-prey-infection (or eco-epidemiological) models, can have significant effects on the
dynamics of species and on disease control strategies (e.g. Venturino, 2001, 2002; Haque et al, 2009;
Greenman and Hoyle, 2010; Haque and Greenhalgh, 2010; Hudson and Greenman, 1998). These include
unbalancing competitive effects and driving one species to extinction, or in some cases allowing two
species to co-exist where they would usually not be able to (Hudson and Greenman, 1998).
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Much of the modern literature on the evolutionary ecology of hosts and parasites has been conducted
within the framework of adaptive dynamics (Metz et al., 1996a; Geritz et al., 1998), which allows the
study of trait substitution sequences resulting from the challenge of a resident strain by a closely similar
mutant. One key feature of most of these studies is the evolutionary trade-off between beneficial
mutations (for example, increased defence in the host) and fitness costs incurred elsewhere (for
example, reduced reproductive ability). The shape of these evolutionary trade-offs has been found to be
crucial to the outcomes of a range of ecological systems, and is now central to much of adaptive
dynamics theory (de Mazancourt and Dieckmann, 2004; Rueffler et al., 2004; Bowers et al., 2005).
Focussing on host evolution, where defence comes at accelerating costs —i.e. each additional unit of
benefit is met by an increased cost — the system generally tends to an intermediate strategy whichis a
long-term attractor of evolution (or a Continuously Stable Strategy), whereas where defence incurs
decelerating costs hosts may be driven to maximise or minimise defence due to an evolutionary
repellor. Trade-offs that are weakly accelerating or decelerating (or even linear) may display either
behaviour, or may exhibit evolutionary branching, where the initial monomorphic population splits in to
two (or more) coexisting strains.

The major aim of this paper is to investigate the relevance of the relationship between trade-offs and
evolutionary outcomes in the context of the evolution of host resistance to parasitism in the presence of
an immune predator. In particular we look into what trade-off shapes enhance the possibility of co-
existence between species, potentially leading to branching and speciation, and what shapes lead to
significant changes in the ecosystem with the eradication of pathogens and/or predators. We use the
method of Trade-off and Invasion Plots (TIPs) (Bowers et al., 2005), which highlights the role of the
trade-off in determining the evolutionary outcome, and thus intend to show the efficacy of this
approach in such investigations. We also carry numerical simulations which allow the inclusion of some
stochastic behaviour. We initially take a prey only system, modelled by a standard SIS (susceptible-
infected-susceptible) model and investigate the evolutionary behaviour of the system when host
resistance (through decreased transmission) is costly to an aspect of the disease free demography
(decreased birth rate). In particular we look at whether evolution of the host can exclude the pathogen.
We then move on to include the immune predator in the system and look at how the evolutionary
behaviour changes and if the predator can be excluded from the system. We initially do this by looking
at evolution of the prey alone, before moving onto a co-evolutionary set-up where the prey and
predator co-evolve.
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2) The Model

Our analysis is based on a predator-prey system where the prey is subject to a pathogen, modelled by
an SIS set-up, but the predator is immune. We use the equations

:l—?:aH —qH? —bS — BSI + 1 —cSP
%:ﬁm —(+b+y)l —cgIP (1)
dP

— =0cP(S+¢l)-dP
P _ocp(s 1)

where S and | are the densities of susceptible and infected prey, with H =S + 1 ,and P isthe
density of predators. In addition, a is the prey birth rate,  is the rate of density dependence

competition (acting on births), b is the natural prey death rate, f is the transmission rate, « is the
parasite induced death rate or pathogenicity, y is the recovery rate, c is the predation rate, ¢

represents the increase/decrease in predation rate suffered by infected individuals, @ relates to the
conversion of predation into the births of new predators and d is the predator death rate.

3) Pathogen Exclusion - Evolution of resistance in a prey-only environment

We stress here that although we are taking ¢ = 0 throughout this section, we leave it in the respective
equations as we will later take ¢ > O and refer back.

With respect to prey evolution and the algebraic analysis throughout this study, we assume that the
host can evolve resistance to parasitism through reducing the transmission rate, . Due to constraints,

such as energetic ones (resource allocation), any benefit gained in one life-history trait must come at the
cost of another and hence we assume a cost to resistance through reduced birth rate, with a trade-off
a= f(p) with ' > 0. We take the trade-off to be of the form:

11\ 2 A ORI
a=f(B)= f(1)——ff (3) {1_@'@“’ )J o

In each example, the value of f '(1) is chosen to ensure there is always a singular strategy at 5~ =1,

with a” = 2. (We see similar results for other choices.) All other parameters are taken to be constant.
We take a and f to represent the traits of the resident strain, existing at a stable equilibrium with

densities S =S(a, ) and | =1(a, B), (later coexisting with a predator at density P = P(a, ) ), and

a and B to represent the traits of the mutant strain. If we were to draw up the dynamics for dS /dt
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and di /dt of the mutant population, the invasion part of the Jacobian matrix, evaluated at the resident
only equilibrium, would be

a-qH -b—pBl—cP a—qH +y -
Bl —T—c¢P

where I' = o + b + y . The fitness is given by the maximum eigenvalue of this matrix (Metz et al., 1996a;

Geritz et al., 1998), however we can derive a sign equivalent form of the fitness, which we hereafter call
the fitness for convenience, as the negative of the determinant of this matrix (see Appendix A for proof),
i.e.

N

s(é,,B;a,,B)z(é—qH —b-}l —cPXF+c¢P)+,éI (A—qH +7) (4)

(We have not yet included the trade-off.) We use the method of trade-off and invasion plots to analyse
the evolutionary behaviour. Here we calculate two invasion boundaries: the f, invasion boundary, of
the form 4 = f,(, B) derived from s(&, 3;a, B) = 0 (taking a = f (/3)), which separates the 4, B) -
space into regions where a mutant with traits (&, B) can and cannot invade a resident with traits
(a,B),and the f, invasion boundary, of the form a = f, (B, B), derived from s(a, B;4, ) =0
(again taking a = f(3)), which separates the (&, B) -space into regions where a mutant with traits

(a, B) can and cannot invade a resident with traits (&, 3) .

An evolutionary singularity occurs when the trade-off a = f (B) is tangential to the invasion boundaries

at the point (&, B) = (a, B) (the two invasion boundaries are always tangential at that point). The

relative curvatures of the trade-off and the two invasion boundaries, evaluated at an evolutionary
singularity, determine the evolutionary properties of that singularity, in particular evolutionary stability
(ES) — whether a singularity can be invaded — and convergence stability (CS) — whether species will
evolve towards or away from a singularity. (See Appendix B for full details and workings.) Combinations
of these determine the nature of the evolutionary singularity. It can be: an evolutionary attractor (CSS) if
itis ES and CS, an evolutionary branching point if it is CS but not ES, or an evolutionary repellor (in which
we also include a ‘Garden of Eden’ point or ES-repellor) if it is not CS (the ES status is then mostly
irrelevant).

In our model, it is possible for the evolutionary singularity to exhibit any of the long-term behaviour
mentioned above, depending on the choice of parameter values and trade-off shape.

We find that especially interesting behaviour occurs in the model if the singularity (specifically the
singularity at ,B* =1) is an evolutionary repellor, and the prey is initially below (lower f) the singular
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point. Here the prey evolves away from the singularity towards an extreme state of high resistance (i.e.
low transmission), which will move the system towards a point where the pathogen is excluded. This
exclusion (or invasion) threshold for infection (although we are assuming a predator-free environment
we have left c in for results later), is given by

ﬁs Xl 1 (5)

:a+b+;/+c¢PX, B

ROI

where S, (and P,, ) represent the equilibrium density of the prey (and predator) in the absence of the
pathogen. This threshold (along with the host extinction threshold given by a =b) is plotted in trade-off
space in Figure 1A. If the prey evolves to a point where the reproduction ratio R,, in (5) is less than 1,

then the pathogen can be excluded from the environment. (This may not be the case in more complex
model set-ups where backwards bifurcations can occur — in that case invasion and exclusion boundaries
can be different. However here, and in all simulations throughout our study, backwards bifurcations do
not occur.) However analysis about this point of exclusion reveals some interesting conclusions.

) (B)

3 1.5
. \2 0 0

2 Ee“x 1.0

"""" Trade-off
) )
! L T O
1+ 0.5

) \2 \2 \2

0 Extinction 0

0 0.5 1 1.5 -0.2 -0.1 0 0.1 0.2

B ">

Fig. 1: In (A) we plot the exclusion threshold R,, = R, =1 in trade-off space. The letters in each region

denote the species that would be present (have positive density): S=uninfected prey only, Sl=infected
co-existence. The lower extinction threshold is when the prey birth rate falls below the natural death
rate. The trade-off (dashed line) corresponds to that in Fig, 2B, where “0” denotes the CS singularity, “x”
represents repellor singularity and the arrows the direction of evolution before pathogen exclusion. In

(B) we plot the singularities 8~ for different trade-off curvatures. The dashed curve represents the
exclusion threshold, and the arrows represent the direction of evolution with respect to . The
parameter valuesare =05, b=0.2, a=02,y=02,c=0, 6=1,d=03,¢=3.

Itis clear that in the absence of infection the prey will evolve to maximise the birth rate a, since the cost
of a higher infection rate, 3, isirrelevant . We therefore have a positive fitness gradient when 1=0. In
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contrast if, with infection present, the prey evolves higher resistance (lower f) and correspondingly a

lower birth rate, then the fitness gradient is negative. Hence there must be a change of sign in this
fitness gradient near (just above) the exclusion boundary. Consequently, this change in sign means a
singularity must be present before the exclusion boundary is reached — furthermore, given the sign of
the fitness gradient either side, we conclude this singularity must be convergent stable (CS) (i.e. an
evolutionary attractor or branching point.) We can confirm this by plotting the location of the
singularities as we vary the trade-off curvature via f"(1) (Figure 1B). Given a trade-off with an

appropriate curvature, the singularity near the exclusion boundary can be a branching point. A
numerical simulation for this is shown in Figures 2A (see Appendix C for details of how these simulations
were carried out). Here the prey evolves higher resistance, to a point where {5 is close to the exclusion

boundary. The singularity, which is CS but not ES, then causes the population to branch and the two
branches to evolve away from each other. Although one branch has passed beyond the exclusion
boundary, the presence of the other strain (with increasing ) maintains the infection.

It is interesting to note that the lower singularity asymptotes towards the exclusion boundary, getting
closer as the trade-off curvature gets larger (Figure 1B). Theoretically, according to adaptive dynamics,
this protects the pathogen from ever being excluded from the system as, assuming small, rare mutations
selection cannot drive the population across the exclusion boundary and the infected population to zero
(although, when the singularity is near the boundary, the pathogen will exist only at very low levels).
This initially occurs in our numerical simulations in Figure 2B (and subsequent figures later in the paper).

Here we plot the evolution of 8 given that the evolutionary singularity at 8~ =1 is a repellor. Initially
f3 evolves away from the singularity and towards the lower singularity just above the exclusion

threshold (Figure 2B). As this is an attractor, it ‘stops’ here, near this singularity. However, this is
temporary, the simulations then go on to exhibit further evolutionary behaviour. In the more realistic
case where mutations are not arbitrarily small, when the singular point is sufficiently near the threshold,
a mutant which does not itself support the pathogen can arise. This resistant strain cannot remove the
pathogen from the system deterministically (it cannot truly invade in the sense of adaptive dynamics).
However, its presence suppresses the infection further, essentially to negligible levels, and we find it can
take the resident a very long time to out-compete this mutant strain; hence a strain below the threshold
is temporarily present in our simulations in Figure 2B. During this time the infection levels continue to
fall due to the presence of these resistant mutants below the threshold. We recognize that stochastic
effects occur in nature and correspondingly employ them in our simulations. Thus as the infection falls,
it becomes prone to stochastic extinction. The simulations therefore deviate from adaptive dynamics
theory; they incorporate the fact that at low levels the infection (and in fact any population component
with low enough density) has a high probability of extinction. Here we indeed find that infection levels
reach such negligible levels for a sustained period of time and may easily be driven to extinction by
stochastic effects, and as such it is removed from the simulations (Figure 2C). Of course the probability
of this extinction is much enhanced by the fact that the lower singularity is near the exclusion threshold
and supports only a very low level of infection. After extinction of the pathogen, any benefit, through
higher resistance, the mutant has will be lost and subsequent mutants that arise will be uninfected and
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anew evolutionary path will be followed, with S =S, and | = 0. The prey evolves to maximise the
birth rate a without encountering any further singularities ( § which is also maximised only affects the

fitness via the trade-off and is not selected upon). However, since at these higher transmission rates,
the population dynamic equilibria are such that Ry>1, the prey will be vulnerable to future outbreaks by
the pathogen and to returning to the endemic state.

(A) (8) ©
Pathogen Pathogen
Exclusion Exclusion
2009 200 —4r 4 R,
) )
o o |
£ 100 £ 100
E E 2y o
S0y p S0y p \ "
B B 0

0 100 200
Ewol. time —

Fig. 2: (A+B) Numerical simulations of the evolution of £ with a trade-off of the form a = f (), from
(2), where f"(1) =-0.05 in(A),and f"(1) =1.25 in(B), both giving rise to an evolutionary repellor at
B~ =1.Here 8 evolves away from this singularity and towards the singularity just above the exclusion
threshold. In (A) this singularity is a branching point and in (B) it is an attractor. In (B) it temporarily
settles at the lower singularity, however random (non-negligible) mutations take S across the
threshold. When it crosses the pathogen exclusion threshold the infected prey density drops to zero.
(See end of section 3 for full details.) (C) Plot of the infected equilibrium density | and the reproduction
ratio R, (R,, with c =0), as given in (5), at each evolutionary step are for the simulation shown in (B).
The infected density, |, reaches negligible levels when the reproduction ratio falls below 1, and is
subsequently in danger of extinction. Due to the exclusion of the pathogen, and hence the change in
selection pressure, [ now increases to the upper limit in order to maximise reproduction a. The

parameter valuesare =05, b=02, =04, y=02,¢c=0, f'(1)=0.078.
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4) Evolution of resistance in the presence of a (hon-evolving) predator

Evolutionary effects of the predator

We again consider a trade-off between the transmission rate, ,B, and the birth rate, a, however we

now assume a predator is present and take ¢ > 0in (1). The fitness is that in (4). The introduction of the
predator immediately increases the dimension of the feedback environment. Consequently this can
produce significant shifts in evolutionary behaviour such that a singularity that was a repellor (non-CS)
can become convergent stable (an attractor or branching point) without the need to change any other
parameter values or trade-off. In Figure 3 we plot the boundaries for the ES and CS properties, in terms

of the trade-off curvature at the singularity at ,B* =1, as we vary the rate of predation. If c is too low

the predator is excluded from the environment, and the system returns to that in the previous section,
and if c is too high the pathogen is excluded in which case the prey maximise their birth rate as there is
no cost in terms of a lower resistance. However for intermediate values of ¢, where the prey, pathogen
and predator co-exist, the general trend is that the size of the branching region between the two
boundaries (by size we mean range of values of the trade-off curvature which produce a branching
point) increases as ¢ increases.

0.6
Pred Inf
0.4 _EXC Excl i
(Sh) (SIP) (SP)
T *
*S 0.2+ C NO ﬂ’
= exists
ol ES ]
CS
-0.2 ! :
0.05 0.1 0.15

c >
Fig. 3: The trade-off curvature f"(1) needed to satisfy ES (thin line) and CS (thick line) conditions, for
the singularity at B~ = 1, (where below each boundary corresponds to satisfying the relevant property)

for a range of values of c. Below both lines denotes an attractor, above the CS line a repellor and
between the two (when the CS line is above the ES line) a branching point. The letters in brackets
denote the species which is present: S=susceptible prey, I=infected prey and P=predator. The parameter

valuesare q=05,b=02, a=02,y=02, a =2, =1,0=1,d=03, p=3.

We briefly draw attention to the discontiuity in the CS boundary during the transition from a predator-
free environment to a predator-prey-infection environment in Figure 3. This discontinuity is caused by
the way the population densities at the demographic attractor (equilibrum) change through the
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transition. Although this is continuous (e.g. P goes towards zero as ¢ passes (decreases) through the
transition), it is not smooth. This results in a discontinuity in the gradient of the densities at the
attractor, i.e.in 6S/0p, ol /6 and 0P/ 0p - this can be seen by the difference in S /0 through

this point as shown in (D.1); similar differences are present inthe | and P derivatives. This in turn
causes a discontinuity in the CS boundary as this depends on the mixed derivative 0°s / 8,38,3 , which in
turn depends on the above gradients. Conversely the ES boundary is continuous but not smooth, as this

depends only on the densities (which are continuous but not smooth) and not on their gradients. (See
Hoyle et al (2011), which explains this behaviour for a discrete time system in more detail.)

Predator and Pathogen Exclusion Thresholds

Critically in this system there exists not only a pathogen exclusion threshold, as given by equation (5)
(where c is non-zero now), but also a predator exclusion threshold. This bounds a parameter region
where the predator cannot survive. For our model (1) this is given by

ROP =%(SXP+¢IXP)=1 (6)

where S, and |, represent the equilibrium densities of the prey in the absence of the predator. This
is equivalent to the requirement that the number of offspring a single predator would produce over its
lifetime in an entirely prey environment — equivalent to the reproduction number — needs to be greater
than one for the predator to establish. If evolution were to drive this predator ratio below 1 then the
predator could not survive and would be driven extinct. (Again backwards bifurcations do not occur here
and so invasion and exclusion boundaries are equivalent.) Subsequent evolution of resistance by the
prey would be determined in the predator-free environment (as P would remain zero), and hence as
discussed in section 3.

Thresholds for when the predator and pathogen will be excluded under different scenarios can be
derived. Combining these we can plot these thresholds in trade-off space. (We note that these
boundaries are independent of the explicit functional form of the trade-off.) Figure 4 shows two
examples, for primarily different values of ¢ (the change in the predation due to prey being infected).

In Figure 4A, with ¢ = 3 i.e. infectious prey are more vulnerable to predation, the trade-off intersects

three separate regions; starting in a predator-prey-infection environment, moving down the trade-off, in
the direction of higher resistance (lower [3), first leads to the exclusion of the predator and later the

exclusion of the pathogen. In Figure 4B, with ¢ = 0.8 i.e. infectious prey are less vulnerable to

predation, gaining higher resistance (moving down the trade-off) will lead to the exclusion of the
pathogen but not the predator. In general, whether the pathogen or predator is excluded first (or at all)

10



336

337
338

339
340
341
342

343
344
345
346
347
348
349
350
351

352
353
354

355
356

357
358

359
360
361
362
363
364

365

Evolution of host resistance Hoyle et al.

depends on which ratio, Ry, or Ry, , falls below 1 first, with each of them depending on a range of
parameters.

Numerical simulations of the evolution of resistance for the case where the singularity at ,B* =lisan
evolutionary repellor are shown in Figure 5, where we focus on the situation described in Figure 4A.

First we focus on Figures 5A-5D. Here the singularity leads f to evolve to the lower extreme value.

However there is a CS singularity at the threshold, now protecting the predator from exclusion (Figure
5D). This singularity in fact asymptotes towards the predator exclusion boundary but will never cross it.
The reason for this lies in the fact that here « = 0.0 . Hence, when the predator is excluded, there is no
cost in the prey being infected (as there is no castration, no increased death rate and, with the predator
excluded, no change in predation). Therefore the prey will evolve to maximise its birth rate, with a
higher [ giving no cost —i.e. it will have a positive fitness gradient. This positive fitness gradient below
the threshold prevents the singularity from ever passing the threshold (similarly to the pathogen
exclusion case). However once the prey reaches the singularity at the threshold, the predator will only
exist at very low numbers at this singularity, with the predator ratio, R, in (6), lying just above 1. Here

a combination of non-arbitrarily small mutations and the exclusion of strains at very low density will
again lead to the extinction of the predator (as in the case of the pathogen at the end of section 3)
(Figure 5C). After this point the change in selection pressure mentioned above causes f3 to increase and
the infection is maintained in the environment. Again it should be noted that this will leave the prey
vulnerable to future predator invasions.

*) (B)

SIP sp SiP
« I 4/47”””/:,,77"'

2 ,,,,,,frr»r't""""'ffgde-oﬁ 2 7 Trade-off
0 0
« «

1 1 S|

S
0 Extinction 0 Extinction
0 0.5 1 1.5 0 0.5 1 1.5
B B

Fig. 4: Two plots of the exclusion boundaries given in (5) and (6) in trade-off space, with a trade-off
between the prey reproduction rate and infection rate, a = f () (with f" (1) =1.25). The dashed line
in (A) represents a given trade-off used in Figures 5E-H. We plot an equivalent trade-off in (B) just for
comparison. The letters in each region denote the species that would be present (have positive density).
S=uninfected prey only, Sl=infected prey, SIP=infected prey and predator, SP=uninfected prey and
predator. (Assumes we start from an SIP (5>0, I>0, P>0) environment.) The parameter values are
q=05,b=02, a=02,y=02,¢c=0.05in(A), c=0.12 in(B)8=1,d=0.3, ¢ =3 in(A),

$=0.8in(B), f'(1) =0.0935 in (A)and f’(1)=0.0345 in (B).
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Fig. 5: Numerical simulations of the evolution of B with a trade-off of the form a = f () (from (2))

with (1) =1.25. Here the singularity at 8~ =1 is an evolutionary repellor. These simulations are run
for two values of the pathogen induced death rate « , 0 in (A-D) and 0.2 in (E-H). In (A) and (E) we show
the evolution of S, where IE=infection exclusion threshold and PE=predator exclusion threshold. In (B)
and (F) we plot the infection density | at each evolutionary time step along with the ratio R, , as given
in equation (4). In (C) and (G) we plot the predator density P at each evolutionary time step along with
the ratio R, as given in equation (6). In each case, a ratio of below 1 leads to the extinction of the
infection or predator. In (D) and (H) we plot of the location of the evolutionary singularities for various
shapes of trade-off. The dashed line represents the predator exclusion boundary Ry, =1, asgivenin

equation (6), and the lower dashed line in (H) represents the infection threshold R,, =1. The
parameter valuesare =05, b=0.2, y=0.2,¢=0.05,0=1,d=0.3, ¢ =3, f'(1)=0.0935
in (A-D)and f'(1) =0.114 in (E-H).

In contrast, in Figures 5E-5H, with a small change in & from 0 to 0.2 (i.e.an increase in the pathogen
induced death rate), the lower singularity can now, and does, pass below the predator exclusion
threshold (Figure 5H) and in this case asymptotes towards the pathogen exclusion threshold. Here the
predator will inevitably be excluded deterministically (this can occur with the standard small, rare
mutations of adaptive dynamics). The situation changes such that once the prey has crossed the
predator exclusion boundary, and the predator is excluded, the prey continues to evolve in a way that
leads f3 to decrease and the infection is subsequently excluded as the prey crosses the infection

exclusion threshold in the manner described previously, Figures 5E-5H. After this point, the infection-
free environment changes the selection pressure such that higher p comes at no cost and the prey

subsequently evolves to maximise the birth rate a. Again this leaves the prey vulnerable to future
invasion from both the predator and the pathogen.
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5) Co-evolution of prey and predator

We now expand on the situation above, where the prey evolves in such a way to drive the predator to
extinction (Figure 5); we now let the predator evolve too and investigate whether this co-evolutionary
set-up allows the predator to survive. We focus on the situation (Figure 5A-D) where the prey evolved to
decrease [ which eventually excluded the predator and an infected prey-only system remained; this is

the only case we consider here.

We take the predation rate, ¢, and predator death rate , d , to evolve and suppose that they are linked

by a trade-off of the form d = g(c) . The fitness of a rare mutant predator, with traits (c, a) , attempting
to invade an established resident, with traits (c,d), in a stable equilibrium with densities S, I,P,
where the prey has traits (a, ), is given by

r(é,&;c,d,a,,B)=06(S+¢I)—& (7)

(Correspondingly, the fitness of (4) is now best denoted s(&, ;a, 3,¢,d) .) Under this model and
trade-off, the predator’s evolutionary behaviour follows that of an optimisation set-up, whereby
(S + ¢l)is minimised, and subsequently any singularity is an evolutionary attractor for acceleratingly

costly trade-offs, or an evolutionary repellor for deceleratingly costly trade-offs — branching points are
not possible. (For full details on this, and the repercussions of a one dimensional feedback environment,
see papers by Metz et al. 1996b; Heino et al. 1998; Kisdi 1998; Rueffler et al. 2006; Hoyle and Bowers
2008.)

By allowing the prey and predator to co-evolve, we show, via numerical simulations, that the predator
can indeed prevent its own extinction. In particular, we initially assume that the predator has a higher
per capita mutation rate than the prey (with a ratio 3:1), potentially allowing the predator to evolve
'faster’ than the prey. As [ decreases (Figure 6A), given an appropriate trade-off, ¢ increases (Figure
6B). This moves the predator exclusion threshold (6) (and Figure 4) in such a way that it moves below
the pathogen exclusion threshold and therefore as 8 decreases the pathogen threshold is met first and
the pathogen is excluded (Figure 6C). Again there will exist a singularity just above the pathogen
threshold, however sufficiently large mutations again lead to S crossing the exclusion threshold with |
becoming negligible and the pathogen becoming extinct. In Figure 6D we plot the predator density and
the ratio R, at evolutionary time step, which remain above 0 and 1 respectively at all times. The
possibility of the above occurring however depends on the predator’s optimal evolutionary strategy,
which subsequently optimises (S + ¢l ), to be in a region which allows predator survival; if this is not
the case then the predator can not survive no matter how fast it evolves.

13



432
433
434
435
436
437
438
439
440
441
442
443
444

445
446

447
448
449
450
451

452
453

454

455
456

Evolution of host resistance Hoyle et al.

In Figures 6E-H, we plot equivalent results, however in this case we set the per capita mutation rates of
the predator and prey to be equal, such that it would take longer (than previously) for the predator to
decrease its exclusion threshold to a “safe” level to prevent its own extinction. Here the predator does
not evolve enough and the predator exclusion threshold remains above the prey exclusion threshold. In
this case the prey evolves to such a level that 8 crosses the predator exclusion threshold and the

predator is driven extinct. Again there will exist a singularity very close to the threshold, however
appropriate mutations again lead to the crossing of this threshold and the extinction of the predator. As
was the case in Figures 5A-D, once the predator has been excluded, the system remains in an prey-
infection set-up and the prey evolves to maximise [, and subsequently their birth rate, as there is no

cost in the prey being infected (as there is no castration and no increased death rate, as o =0).
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Fig. 6: Numerical simulations of the evolution of S for the prey, with a trade-off of the form

a= f(pB),with f"(1)=1.25, of ¢ for the predator with a trade-off of the form d = g(c), with
g''(0.05) = -5 (which we take to have an equivalent form to that in for the prey in (2) with ¢* = 0.05
and d” = 0.3). Evolution is such that the prey evolves to minimise 8 and the predator evolves to
maximise c. In (A) and (B) the predator manages to keep its ratio R,, above 1 to allow it to co-exist
with the prey (D); however the pathogen is excluded as its ratio R, drops below 1 (C). In (E) and (F) the

predator is not able to keep its ratio above 1 and therefore the predator is driven extinct (H); however
the pathogen remains in the environment (G). The parameter valuesare =05, b=0.2, o =0,

y=02,0=1, ¢p=3, f'(1)=0.0935, g'(0.05) = 6.
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6) Discussion

It is well known that for pathogens to invade and persist commonly requires the host population size to
be above a certain threshold, which can generally be derived from the pathogen’s reproduction ratio
Ro=1 (Anderson and May, 1981; Bremermann and Pickering, 1983; Bremermann and Thieme, 1989). In
models where pathogen invasion thresholds and exclusion thresholds are coincident, which is the case
here, this reproduction ratio can be used to determine the conditions needed for a pathogen to be
excluded from a host population. Of interest here is the important problem concerning the conditions
under which a host species can evolve in such a way that it falls below this threshold. In the present
work, it is seen that evolving greater resistance (at a cost of lowered fecundity) is not sufficient under
standard adaptive dynamics analysis (with small, rare mutations) to achieve a state where the
population size falls below a level corresponding to Ry=1; there is a protective CS singularity preventing
this. However, when this singularity is also ES and is sufficiently close to the exclusion boundary, in the
realistic case where the mutations are not arbitrarily small, this protection may fail. A mutant which
does not itself support the pathogen can arise. Furthermore, this strain can suppress the density of
infected hosts to sufficiently low levels that the infection may be lost due to stochastic effects at low
population numbers. Subsequently, new mutants that arise will be uninfected and a new evolutionary
path will be followed. Such behaviour is seen in the simulations presented here.

However, as in most previous studies, this result assumes an environment populated by the host and
pathogen only, with secondary species/interactions commonly ignored. However in recent years studies
at a population level have shown that additional interacting species can have a significant effect on the
dynamics of a system (e.g. Greenman and Hoyle, 2010; Haque and Greenhalgh, 2010; Hudson and
Greenman, 1998; Haque, 2010; Venturino, 2010), which in turn causes complications for deriving control
strategies (Greenman and Hoyle, 2010). These interactions still remain relatively ignored at an
evolutionary level. Recent studies by Morozov and Adamson (2011) and Morozov and Best (In Press)
have tried to change this, looking at pathogen evolution in an SI model, where a predator feeds on
infected prey only. They found that the addition of even a simple predator can change the evolutionary
dynamics significantly. This is emphasised even more in the present work where we found an example
where, given specific parameter values, the presence of a predator can create the possibility of
branching points where none were present previously. Significantly, the way in which the predators
affect the exclusion boundaries, Ro=1 proves pivotal. Due to the predator, there are now two thresholds
Ro=1 (number of new infections a single infected prey can make in a completely susceptible
environment) and Rop=1 (number of offspring a single predator can produce over its lifetime in prey-only
environment), where the pathogen and the predator respectively can be excluded (can invade) from a
predator-prey-infection environment.

Although these ratios depend on most of the parameters, a key factor in determining whether the
pathogen or predator is excluded firstis ¢, the change in predation experienced by a prey when it

becomes infected (Figure 4). A high value of ¢ , where the predator is largely dependent on infected
prey for food, led to the predator being excluded first as resistance decreased the number of infected
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prey and hence the predator’s food source; this result echoes that seen by Morozov and Adamson
(2011). Subsequent evolution depends on the selection pressures in a prey-only SIS system — for
example co-existence of prey and pathogen (Figures 5A-D) or pathogen exclusion (Figure 5E-H). Again,
we found exclusion of the parasite requires finite mutations allowing resistance levels to cross the
corresponding threshold; however exclusion of predators is found to be possible by host evolution by a
parallel mechanism but also in appropriate circumstances by the standard small, rare mutations of
adaptive dynamics theory. A low value of ¢, where the predator mostly consumes uninfected prey, led

to the pathogen being excluded first, as resistance drives down the number of infected prey with the
predator pushing down the susceptible prey.

Generally throughout we see that if the predator is present, it can go extinct due to host evolution. In
the (final) case where the predator was allowed to co-evolve, it is seen that the predator can prevent its
own extinction by evolving in such a way that it lowers its threshold and allows itself to stay above the
predator reproduction threshold Ree=1. In particular we found that the relative per capita mutation rates
of the predator and prey are key to whether the predator can persist in the population. The 'speed’ of
evolution in the two species depends on population sizes, mutation rates and selection gradients
(Dieckmann and Law, 1996; Marrow et al., 1996), and we found that if the predator evolves significantly
‘faster' than the prey due to an increased mutation rate, it was able to shift its extinction threshold
sufficiently quickly to prevent the prey driving its extinction. These subtle effects of evolution require
further investigation to fully understand the co-evolutionary dynamics.

A question that is often raised in these systems, especially at a population studies level, is how the
behaviour would change if the pathogen could infect both prey and predator. Studies have shown that
the resultant behaviour can be more complicated. One population level study by Greenman and Hoyle
(2010) showed that the control maps (plots of invasion/exclusion thresholds in 2 parameter space) can
become ever more complicated and that exclusion boundaries can become very close together
potentially leading to multiple exclusions in quick succession. However more detailed analysis would be
needed to determine the effects of shared-pathogens in an evolutionary sense, and, in particular, to
investigate whether cross species infection levels would allow for a larger potential pool of susceptibles
and make the infection more difficult to exclude, which might perhaps play against the predator.

Understanding the persistence of pathogens in natural populations is key to the management of many
ecological systems. We have shown here how the evolution of host resistance may drive its pathogen to
extinction and how the shape of the trade-off between resistance and reproduction is crucial to this
possibility. Furthermore, we have shown how this result can be complicated by the presence of an
immune predator, considerably changing the evolutionary outcomes and in some cases producing
opposite results to when species exist alone (e.g. CS switches to non-CS). This alone provides reason why
more studies into complex ecosystems should be carried out. The interactions of all three species can
lead to relatively complex evolutionary dynamics, with the shape of the host’s trade-off and the relative
level of predation experienced by susceptible and infected hosts being key.
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Appendix A — Sign equivalent form of the fitness

The invasion matrix for the mutant is given by:

[é—qH—b—ﬁl—cP é—qH+7/J:(A BJ
il “T-cp) (C D A1)

where B>0 (as a>gH), C>0 and D<0; the sign of A is unknown. The eigenvalues of the invasion matrix are
given by:

AN = 0.5[A+ D +/(A+ D)% —4(AD — BC)J: 0.5[A+ D+,(A-D)?+4BC| (A2)

where the superscript on A represents the sign taken in solution. The discriminant of these is positive
and hence we always have two real eigenvalues.

As D<Q, then it follows that if A<O then X" < 0; if A>0 then it follows that |A+D|<]A-D| and therefore that
A <0. Hence the A" eigenvalue will always be negative. In addition it is trivial to show that the other
eigenvalue is always larger, i.e. ' <A". Therefore we can say that the eigenvalue A" is the maximum
eigenvalue and subsequently the fitness of the invading mutant, which we call s.

As A" <0, we have two options:
1) Non-invasion: s =A"<0 and therefore det= A" A">0;
2) Invasion: s =A">0 and therefore det= A" A'<0
Hence the negative of the determinant is sign equivalent to the fitness, s =A".
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Appendix B — Trade-off and invasion plots (TIPs)

The method used in this study is a geometric adaptation of adaptive dynamics, namely that of trade-off
and invasion plots (TIPs) (Bowers et al., 2005). Alternative geometric methods to adaptive dynamics
exist (de Mazancourt and Dieckmann, 2004; Rueffler et al., 2004). The advantage of all of these is that
the trade-off is kept at the forefront, something which is of great interest in this work.

This method takes the fitness s(a, B; a, f) (asgiveninequation (4)) of a rare mutant strain with

evolving traits (&, 3) faced with a resident with traits (a, 3) . The invasion boundary & = fl(ﬁ, B,

between where the mutant can and cannot invade the resident, is determined by s(a, B; a,p)=0

(taking a = f (8)) and here is given by

b +cP )T +¢cP)+ Bl (b +a + cgP)
I'+cgP + gl

A second invasion boundary, 4 = fz(ﬁ, ), can be gained by solving s(a, 3; 4, B) = 0, where the roles

f, (3, p)=aH W (B.1)

of the mutant and resident are reversed. We do not need the explicit form for this at present. These two
curves are plotted in (4, B) -space, where (a, ) represents a special point hereby known as an origin.

These invasion boundaries are coincident and tangential at the point (4, B) =(a,p).

The third curve on a TIP is the trade-off curve, a = f ([§) . Evolutionary steps result from constructing
TIPs for varying residents on f . For certain 3, the trade-off is also tangential to the invasion

boundaries; these f are the evolutionary singularities, B’ . For our model, differentiating (B.1) with
respect to ,@ gives
of, 1T +cgP)cP(p-1)+a)
B [recp+pif
Using the fact that f'(f) is tangential to the invasion boundary at ,f% =B =p*,from (B.2), and the

(B.2)

equilibrium result S =T+ c¢P , we have
o,

op 5
To determine the nature of an evolutionary singularity we use the relative curvatures (or shapes) of the

three curves at a singularity. The invasion boundaries determine which types of evolutionary
singularities are possible and the trade-off determines which actually occurs.

1"(cP (¢ —1)+ )

£1(8°) = f(p) =P~ 8.3)
S H

To determine the evolutionary stability or ES boundary (Maynard Smith, 1973), we require the locally
possible mutants — those on the trade-off — to be on the appropriate side of the ES (invasion) boundary
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f, . Differentiating (B.2) with respect to ,@ evaluating at a singularity ,f% =B =p* and using
BS =T+ cgP, gives the right hand side of (A.4) and hence the ES condition as

aZf f,,(ﬁ*)<_2s*|*2(ci*(ﬁ;1)+a)
p-p=p* B H

where A = sign(&s(é,,@; a,ﬁ)/&é‘ﬂ*) =1 in our examples.

ES e 4 (87 )< 1% (B.4)

To determine whether the singularity is convergent stable or CS (Eshel, 1983), we need to ensure that
the species evolves towards the singularity. The boundary for this is gained by constructing a fourth

curve by taking the mean coordinates of f, and f, ateach value of ,é . At the evolutionary singularity

this curve has the same gradientas f, and f,; furthermore its curvature is the mean of that of f; and

f, (Bowers et al., 2005). Hence to be CS the mutants must be on the appropriate side of the boundary
and therefore

Cs 2 7)< i[aifl Lo j

2\ op*  op° B=p=p*

The curvature of the f, boundary at a singularity can be calculated using the curvature of f, and the

(B.5)

mixed derivative of f, (Bowers etal., 2005) in the form
o't _ o't Lot
n2 AR
o, .

Calculating the mixed derivative of fl , by differentiating (B.2) with respect to 8 and evaluating at a

(B.6)

singularity, and using S =T+ c¢P and (B.3), gives
o° f, :ﬂs(cp(¢—1)+a)(s—|)+ cl aP[
opop|,. B pH? B*H® o

$(cP(p-1)+a)S—1)+ASH(p-1)] (B.7)

Predator-free environment
To explore this further, we first look at the case where the prey exists in a predator free environment,

hence P =0 and 0P/0p = 0. The derivative of the susceptible population is dS/oB =-SI B, as
S =T"/ . Differentiating dH/dt in (1) through with respect to /3, evaluating at equilibrium and solving
for 61/08 =0, using (B.3) gives

2 2 2 2
al _ qSZH I AR aqS H2(S—1) £.10)
opl,. BlaH* +as) opop|, BH*(GH? +as)
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We can put this, and the curvature of f, from (B.4), into (B.6) to get the curvature of f,, and hence use

(B.5) to get the CS condition. Combinations of ES and CS determine the nature of the evolutionary
singularity (Metz et al., 1996a; Geritz et al., 1998; Bowers et al., 2005).

An example of how the invasion boundaries appear when plotted on a singular TIP is given in Fig. B.1.

A) *

Repellor

a—

Attractor

L —
Fig. B.1: A typical Trade-off and Invasion Plot for a trade-off between reproduction a and transmission

f3. Branching points are not possible for this plot as the f, invasion boundary is above the f, sothata

region where the singularity is CS but not ES does not occur. (If the two invasion boundaries were
swapped over then the Garden of Eden (ES-repellor) region would be replaced by a branching region.)

The parameter valuesare =05, b=0.2, a=02,y=02,c=0, a =2, ﬁ* =1.

Predator-prey-infection
To gain the results for Fig. 3, we require the CS condition for when both the predator and the infection

are present, i.e. when P >0 (and hence HC(S + ¢l )— d=0)and I >0 (and hence
PS —T' —c¢gP = 0). Returning to the original dynamical equations in (1) and differentiating the
predator and infection equations through with respect to 5 we can find the derivatives of S and P as

§=—¢ﬂ and E:i—éﬂ (B.9)
op op op ¢c cop
Differentiating the dynamical equation for the total prey population gives
i(d—Hj _day, +ﬁ(a—2qH —b)—aﬂ—c@(s +¢l)+cP §+¢ﬂ =0 (B.10)
op\ dt dg op op op op op

Evaluating at an evolutionary singularity, and hence using (A.3) for da/dp (and solving for ol / 9p), we
get
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ol S(-gl(cP(¢p—1)+oa)+ BH(S +¢l))

— = (B.11)
of  ¢pH[(a—2qH ~b)1-¢)-a+B(S +4l)]
Substituting (A.9) into the mixed derivative from (A.8) gives
0% f 1 al
L =————|(S+ ¢l NcP(¢p—1)+a)S—1)-pSIH(¢p -1
awafl, P o S+ PUICP(D 1)+ s —1)- pSIH(p - 1] o
s 9P~ s a)s 1)« ps(o 1)

Appendix C — Numerical Simulations

Simulation analysis is used to verify the theoretical results about the position and nature of the singular
point. In the simulations, the population dynamics were numerically solved for a fixed time (t, )

according to (1) initially with a monomorphic population. Mutant strains, those we defined by trait
values ,@ (and a = f (,3) ), were generated by small deviations around the current trait

(and a = f(B)) (the choice of current strain from which to mutate depends on its relative density) and
introduced at low density. The population dynamics were then solved for a further time t, with strains

whose total population density fell below a (very low) threshold considered extinct and removed; in
addition, and a new feature for this study, if the total infection (predator) level across all strains fell
below this threshold, the pathogen (predator) was considered extinct and removed, but the susceptible
counterparts remain. After this removal, new mutations were created and the procedure repeats. In this
way, the parameter [ (and therefore a via the trade-off) could evolve. One difference between the

theory and simulations is that the simulations are not mutation-limited (i.e. new mutants could evolve
before previous mutants had reached equilibrium or gone extinct). Although this could be overcome by
increasing t,, this set-up has generally been shown to correctly approximate the evolutionary behaviour

predicted by adaptive dynamics in studies where the dynamical attractor is an equilibrium point (see, for
example, Hoyle et al. 2011).

Appendix D - Discontinuity in the CS condition

By combining (B.9) and (B.11), it can be shown that as ¢ goes towards the critical value that allows the
predator to invade from above, and hence as P — 07, the derivative dS /0 does not equal the

equivalent derivative if you were to approach that same point from the other direction (see result near
(B.7)):

S S —Pla+pH(S+gl) S| S

op P0* __,B H[(a_qu _b)(1_¢)_a+18(s +4l )] - op P-0" B B (D.1)
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