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ABSTRACT

Theory of measurement for particle atom collision processes 

using polarized beams is presented. The density matrix formulism 

is applied to derive expressions for the Stokes parameters describing 

light emitted in particle photon coincidence experiments. These 

Stokes parameters in general depend on the spin polarization of the 

colliding particles and atoms. It is shown that an almost 

complete determination of scattering and target parameters is 

possible if one collides polarized electrons with light polarized 

one electron atoms. Starting with polarized electrons and polarized 

heavy alkalis (Cs etc.) and applying the formulism of Burke and 

Mitchell8 it is shown how to find the collision matrix. Some 

observable consequences of this formulism are also deduced.

The theory of measurement for electron capture on atomic targets 

with polarized bare nuclei as projectiles is described in terms of 

Stokes parameters. This process with polarized protons is discussed 

as an Illustration of the theory. When the scattered hydrogen atom 

is not registered in coincidence with the Lyman-a resulting from the 

decay of H(2P)*, it is shown that circular polarization of the 

Lyman-a is directly proportional to the spin polarization of the 

protons. This relationship becomes the basis for an optical detector 

of the proton spin polarization.

We derive expressions for the Stokes parameters in case of 

steady state excitation for electron atom collisions and also 

describe the threshold and pseudo-threshold behaviour. Some 

numerical calculations are plotted to illustrate the usefulness of 

the theory of measurement.



INTRODUCTION

Most of what we know about the microworld has been established 

by means of collision processes. The outcome of a particle atom 

collision process is studied through scattering experiments in which 

a well defined beam of particles is fired on the atomic target and 

the products of the collision (photon, scattered atom, ion etc.) 

are detected in some suitable arrangement. The target is usually 

supposed to be so thin that the probability that any particle in the 

beam is scattered by more.than one atom in the target can be 

neglected. It is assumed that the density of projectiles in the 

beam is so low that they do not interact with each other. It is 

further supposed that each projectile in the beam has the same 

definite value of energy and momentum. Under these physical 

conditions, the outcome of a particle atom collision process is 

usually predicted by application of the quantum theory of scattering 

incorporating some sort of approximation scheme.1 We are, however, 

not concerned with this kind of approach and instead work on 

theoretical analysis of experimental measurements (the so called 

'Theory of the Measurement') for particle-atom collision processes. 

This type of theory of the measurement was first developed for 

nuclear processes.* For particle-atom collision processes, Macek 

and Jaecks3 developed a theory of atomic photon-particle coincidences 

which provides excellent information about the atomic excited state 

produced by the collision. Later Fano and Macek (1973) ** presented 

a new formulism for the angular distribution and the polarization of 

light excited by atonic and electronic collisions and which may be 

modulated in time by the action of internal and external fields.

Their formulism disentangled geometrical and dynamical effects and



stressed the extraction of data on the alignment and orientation of 

radiating atoms from observations of the emitted light. Thereafter, 

Blum and Kleinpoppen (1979)5 presented a theory of electron-photon 

angular correlation in atomic physics in the more elegant framework 

of density matrices and state multipoles. More recently Berezhko 

and Kabachnik6 have calculated the alignment of hydrogenlike atoms 

produced by electron capture in collisions of heavy charged particles 

with target atoms. All the above theories of measurement consider 

unpolarized projectiles colliding with unpolarized atomic targets.

Recent advances in technology, however, have provided reliable 

sources of polarized particles (electrons, protons, etc.) and 

polarized atoms. This paves the way for studying the spin dependence 

of the particle atom collisions. As pointed out by Hanne,7 

particle-photon coincidence technique may be combined with the spin 

analysis of the reactants before and after the collision to extract 

almost complete information on all scattering and target parameters 

(scattering parameters consist of scattering/excitation amplitudes 

and their phases; target parameters as such are orientation, 

alignment and multipole moments of collisionally excited atoms).

In Chapter 1, we lay down the basis of the theory of measurement 

and discuss concepts which are fundamental to this work. The 

second chapter is devoted to the theory of measurement for electron 

atom collisions, neglecting spin-dependent interactions during the 

collision. In Chapter III we work out a scheme to extract 

scattering amplitudes for elastic electron atom scattering when 

spin orbit interaction is included in the description of the collision 

from the formulism of Burke and Mitchell.® Theory of measurement 

for electron capture on atomic targets with bare nuclei as projectiles



is presented in Chapter IV. We discuss some implications of our 

work and illustrate their usefulness through numerical calculations

in Chapter V.



CHAPTER I

FRAMEWORK OF THE THEORY OF MEASUREMENT

We sum up some important concepts which form the basis of the 

theory.

1.1 PURE AND MIXED STATES

When the eigenvalues of a complete set of commuting observables 

describing a quantum mechanical system are known, it is said to be in 

a pure state. A pure state can be described by a single state vector 

\x> which is a simultaneous eigenstate of the complete set of 

commuting observables. Unfortunately, however, in many practical 

situations, the system is in a state for which the eigenvalues of a 

complete set of commuting observables are not all known. Certain 

predictions about such a system can still be made by methods of 

statistics. One then assigns certain probabilities w^(i = 1, 2, ...) 

for the system being in a set of pure states Ix^ • The state of 

this system is then a statistical mixture of these pure states, and 

is termed as a mixed state. It is usually convenient to describe
ga mixed state by the density operator

P * 11xi>wi<xi I (1.1- D

1.2 THE DENSITY MATRIX

For convenient description of a quantum mechanical system, the 

statistical methods are useful in two ways. Firstly, the 

uncontrol lab le perturbation of states by the process of measurement 

is easily accounted for. Secondly, when dealing with mixed states, 

it is only known that the system can be in any one of the several 

pure states with some probability. It is, therefore, reasonable
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to apply a statistical description because of the lack of information 

available on the system. It was primarily for this reason that the

statistical concepts in quantum mechanics. The matrix representation 

of the density operator can be found by choosing a convenient

the matrix representation of the density operator (called density 

matrix) turns out to be

The main virtue of the density matrix is its analytical power 

in the construction of general formulae and in the proving general 

theorems. The evaluation of averages and probabilities of the 

physical quantities characterizing a given system becomes straight

forward by the use of density matrix techniques. The representation 

of quantum mechanical states by density matrices enables the maximum 

information available on the system to be expressed in a compact 

manner and hence, avoids the introduction of unnecessary variables.

To sum up, the density matrix in a way is the counterpart of 

the distribution function of classical statistical mechanics, since 

it considers how many systems are in an ensemble with given wave 

functions. Sometimes, one is only interested in a few of many

density operator was introduced by J.V. Neumann (1927)10 to describe

orthonormal basis (j - 1, 2, ...) Then we have

where

■ki “

Plxn “ “ I a.. w. a*, lx i nu. (1.2-1)

degrees of freedom of a quantum system, for instance, when only one 

of several interacting systems is to be observed. It is then



impossible to find a wave function which depends only on the variables 

of the system of interest and not on those of all other systems as

well. For such an open quantum mechanical system, the so called 

"reduced” density matrix is found by averaging over all unobserved 

degrees of freedom, which describes the behaviour of the system of 

interest. As a compliment to the density matrix, we can say that 

the density matrix contains all physically significant information on 

the system.

The basic properties of the density matrix are found in textbooks 

on quantum mechanics and its applications are extensively discussed in 

literature.11 12 For our purpose we list some properties of the 

density matrix as follows:

(a) The density matrix is a positive definite hermitian 

matrix.

(b) The density matrix is related to observable quantities

by the way in which it gives the expectation value, <Q> , 

of any observable Q :

(1 .2-2)

Eq. (1.2-2) is true for all representations of p

(c) The following inequality holds for the traces:

tr p2 £ (tr p)2 (1.2-3)

Note that for a pure state, the relation

tr p2 « (tr p)2,

holds, whereas for a mixed state, we have the relation
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1.3 POLARIZATION DENSITY MATRIX OF PHOTONS AND STOKES PARAMETERS

 ̂ —  2tt a awave-vector ic « —  n (na 'y Y

A monochromatic electromagnetic wave with angular frequency u> ,

is a unit vector in the direction of 

propagation and a is the wave-length) and polarization vector e 

is represented by

E(r, t) - Eq«1 (lC‘r _a)t> e (1.3-1)

Taking the direction of propagation as quantization axis (Z^-axis

of the coordinate system) , it is obvious that e is perpendicular to 

due to the transverse nature of electromagnetic waves. If 

|x^>(|Y^>) denotes photon polarization state along the X^(Y^) axis

it is obvious that
Ae> a (X ) X > + a (Y ) Y >

y  y  y  1 y

When angular momentum conservation is important in calculations it 

is convenient to describe the photon-polarization state in the 

'helicity coordinate system' (helicity-frame) defined by the basis 

vectors

|+ 1> - + - f i (|xy> + l|Yy>) , l - / -1 (1.3-2)

which describe the states of circularly polarized photons with 

helicity X « + 1 . In this new basis we write

Ae> I  a(X)IX> 
X-+1

(1.3-3)

Hereafter we always use (1.3-2) as our basis for the description 

of photon polarization.

A mixture of pure states 

is described by

:> with statistical weights w(j)

P « I Iej>w(j)<ejI (1.3-4)
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In 'helicity frame* we have

P * l  a.(X*) a (X)* | X *>w(j)<X| , (X*, X « + 1) (1.3-5)
jX*X J 3

and the relevant matrix elements are given by

PX'X <X' I p I X> - l a (V)w(j) a (X)*
j 3 3

(1.3-6)

where we assume the normalization tr p ■ I , the intensity of 

the photon beam. It is convenient to parameterize p in terms 

of the Stokes parameters (I, n2, ^ 3 ) in the following w a y 1 3

’ pi,i

H1Ha

1 1 + n2 -i3 + tn1 '

PX'X * p
-1,1

P
1,-1

2 -n3 - 1 - n2

In general p has four complex elements (eight real parameters) 

but due to hermiticity of px*X^PXX* “ PX*X^ an<a normaiization 

tr p = I , only three of these (n^, n2, n^) are independent.

The Stokes parameters are defined such that I is the total 

intensity, n2 is the degree of circular polarization defined by

lT12 “ IRHC " ILHC *
is the degree of linear polarization with respect to orthogonal 

axes s(e^), e($^) i-e*

ln3 -  Itêce^n - l[e(<fY)]

and r\1 is the degree of linear polarization with respect to two 

orthogonal axes orientated at 45° to the right of e (0^), £(4^) •

The unit vectors e(0̂ ,), e(4>̂ ) point in the directions

(6^ + 90°, 4>̂ ) , (0^, 4*̂  + 90°) where (6^, 4^) are the polar angles of 

r\̂  in the bollision frame' (Fig. 2).



6

1.4 IRREDUCIBLE TENSOR OPERATORS

When the angular symmetries of the physical system are important 

it is always convenient to expand the density matrix in terms of a 

basis set (of operators) which have simple transformation properties 

under rotations. Such a set of operators are the irreducible 

tensor operators. This method provides a well developed and 

efficient way of using the inherent symmetry of the system. It 

also enables the consequences of angular momentum conservation to 

be simply accounted for. One can separate the dynamical and 

geometrical factors in the equation of interest without much effort 

(e.g. by the application of Wigner-Eckart theorem).

The physicist is now quite familiar with these irreducible 

tensor operators and many detailed accounts111 can be found in the 

theory of angular momentum. We, however, restrict ourselves to the 

definition and listing of some useful relations. An irreducible 

tensor operator T of rank K is a set of 2K + 1 operatorsK
T -(Q = -K, -k  + 1 ,  ..., K - 1, K) which transform under the 2K + 1-K-W
dimensional representation of the rotation group according to the 

relation

R T R_1 *= l D(aBY) T (1.4-1)q <JC Kq

where R is the rotation operator and transforms a wave function

V into RV and an operator D into RftR 1 . The Euler angles
(K)(a, B, y) describe the rotation R and D(aBy)gQ are the matrix 

elements of R in the KQ representation. The tensor T 

transforms like the spherical harmonic of order K .

The spherical tensor operators defined by Eq.(1.4-1) can be 

constructed from the angular momentum states by the application of
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the angular momentum addition rules, in the form (all the fixed 

quantum numbers are collectively represented by 3 ) :

,, M i ifj' J k |
T(J',j)k q - (-1) ” (2K + D  [M ,_M_QJ leJ'M'xgJMl <1.4-

The 3j symbol puts the necessary restrictions due to angular- 

momentum coupling rules (| J * - J | £ K £ J 1 + J; - K £ Q £ K) and 

limits the number of possible operators for given J' and J .

The matrix element of T(J', J) between any pair of desired states 

is given by

from KQ representation [ (X, Y, Z) coordinate system] to Kq 

representation [ (x, y, z) coordinate system] according to the 

relation

(1.4-3)

The operator T(J'J) transforms under rotation w = (a, 8, y )

T<J’J)k c - I (1.4-4)

We now list some useful properties15 of the spherical tensor operators

as follows:

(a) The hermitian adjoint is defined by the relation

- <-l)J '-J+C T(J*J)Kf_c (1.4-5)

and the normalization used here is

tr T (J ' J) T(J'J)kq = 6(K, k) 6 (Q, q)ó(J*, J)

In particular

tr T (J) (I. 4-6) (b)

(b) These operators satisfy the Wigner-Eckart theorem: li+

11tk 11 j > I

« (2K + 1) i<j* I|tk!| j> (1.4-7)
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The "reduced” matrix element < j 1 11 T„ 11 j> is a scalar and is 

independent of all the magnetic quantum numbers. The conservation 

of angular momentum is contained in the 3j symbol and in a way 

reflects on the geometry of the interaction whereas the "reduced" 

matrix element embodies the dynamics of the interaction. These 

two aspects of the interaction are nicely separated in Eq.(1.4-7).

1.5 STATE MULTIPOLES

The set of operators T(J', J) is complete and, therefore,KQ
any operator which describes the angular properties of a system 

can be expanded in terms of this set. In particular, the density 

operator p , which describes the angular properties of a given 

system, can be expanded as

P - I T (J*, J)
j'j k q KC KC

(1.5-1)

where the expansion coefficients

<T(J|J)^ > - tr p T(J*, J)*Q , tr p (1.5-2)

are called the "state multipoles" or "statistical tensors" (Fano, 1953). 16 

The matrix element of the density operator p between any two 

arbitrary states is given by

<J'M'Ip IJM> I (-D
KQ

J * -M ' J(2K + 1) 2
J' J K 
M'-M-Q <T(J*, J)^Q> (1.5-3)

and the converse relation is given by

^ ( J ’J ) ^ Ï  C-l) J'-M' (2K
M'M

«

+ 1) > H
J K 
M-Q <J'M'Ip IJM> (1.5-4)

All the relations in this section c.re indispensible for our 

work, on the theory of measurement. In the following we lay down 

some basic propertied5 of state multiples for application in our

formulism:
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(a) The complex conjugate is defined according to

<T(J,J,KQ>* “ <-1)J "J+C<T(J,JiK/_Q> d.5-5)

In particular for states with sharp values of angular momentum 

(J' » J), eq (1.5-5) becomes

<T(J)KQ>* “ (_1>C<T(J)K,-Q> (I•5-5«)

(b) The counterpart of eq. (1.4-4) for the state multipoles 

la

<T(J'J)1> - £<T(J,J)i>D((D)^>* (1.5-6)KQ “ Kq qQ

which means that the state multipoles transform as irreducible 

tensors of rank K and component Q . The transformation 

converse to (1.5-6) is

< T (J ' J) “ I<T(J,J ) ^ >D(»)«) (1.5-6«)

For sharp angular momentum states (J' « J) the state multipoles 

have simple physical interpretation in terms of orientation and 

alignment14 of the excited state. The detailed discussion can be 

found in Blum and Kleinpoppen (1979).5

1.6 SPIN TENSORS

We describe only spin-i particles characterized by a density

matrix p with elements <im'Ip I Jm> s 's' This can be expanded in

terms of a set of state multipoles < T(s) > ,K q S^B
the so called

spin-tensors, by means of eq.(1.5-1). The relevant state multipole

is found from eq.(1.5-4) in the form
(i 2 K

<T(i) + > - l  (-I)*"”1' <2K + D *  _ *
Ksqs m'm _m qs

<rm'Ip IJm> (1.6-1)

The angular momentum addition rules allow only terms with Kg * 0

and Kg * 1 in the above expression. The spin density matrix
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can be written as 17

P8 * i U  ♦ P.o) = i

i + P P - iPz X

P + iP 1 - px y 2

j tr p « 1 (1.6-2)

where £  is the spin polarization vector and £  is the Pauli's 

spin-vector. Then in our normalization [eq. (1.4-6)] we get

and

<T(i)ic > - Tjp with qs “ 0, + 1 (1.6-4)

and where P are the spherical components of the polarization 

vector. These spherical components are defined according to the 

relation

P+1 “ + - £ (Px ±  ipy> ' p0 - pz • (I-6"5)

The expansion of pg in terms of spin-tensors can, therefore, be

written as

l  <T(s> + > T (s) - J{1 + l  <T(s)+ >} (1.6-6)
Kgqs 8qs qB qs

where 1 is the 2 * 2 unit matrix.

1.7 RESTRICTIONS ON STATE MULTIPOLES DUE TO SYMMETRY
PROPERTIES OF THE EXCITATION

Blum and Kleinpoppen (1979)5 have given a "picturesque" 

description of the symmetry properties of the atomic systems. They 

have discussed very exhaustively restrictions imposed by those 

symmetries on the relevant density matrix elements and the state 

multipoles. We supplement their discussion with a few remarks 

which are relevant when particle-photon coincidence experiments are 

done with spin polarized incident beams. In coincidence experiments



can be written as 17

J u  + p.o) = i
ï  + p P - iPz x y

P + iP 1 - Px y 2

> tr p - 1 (1.6-2)

where £  is the spin polarization vector and o_ is the Pauli's 

spin-vector. Then in our normalization [eq.(1.4-6)] we get

and

<T(î)lq > “ 7T* with %  “ 0^ ±  1 (1.6-4)

and where P are the spherical components of the polarization 

vector. These spherical components sure defined according to the 

relation

P+1 -  + T^(px ±  iPy> ' po " pz * W-6" «

The expansion of pg in terms of spin-tensors can, therefore, be 

written as

P - l <T(s)K+q > T(s )k  q - i l l  + l  <T(s)flq>} (1.6-6)
K q s^s s ~s s ~s

where 1 is the 2 * 2 unit matrix.

1.7 RESTRICTIONS ON STATE MULT I POLES DUE TO SYMMETRY
PROPERTIES OF THE EXCITATION

Blum and Kleinpoppen (1979)5 have given a "picturesque” 

description of the symmetry properties of the atomic systems. They 

have discussed very exhaustively restrictions imposed by those 

symmetries on the relevant density matrix elements and the state 

multipoles. We supplement their discussion with a few remarks 

which are relevant when part ici e-photon coincidence experiments are 

done with spin polarized incident beams. In coincidence experiments
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without spin-selection before or after the scattering, the geometry 

of the experiment possesses reflection invariance in the scattering

polarized particles and spin polarized atoms. As is to be seen 

later, the state multipoles characterizing the excitation in 

general depend upon the spin polarizations of the incident beams. 

If the polarization vectors of both the beams are perpendicular 

to the scattering plane then reflection invariance holds [see Fig. 

(3b)] for the state multipoles.

When one or both the initial polarization vectors have some 

component in the scattering plane, then the reflection invariance 

breaks down as a consequence of the initial conditions [see 

Fig. (3a)]. By using spin polarized initial beams and inverting 

one of the incident polarization vectors, more information on 

scattering arrplitudes can be extracted. This is illustrated in 

a later chapter.

In case the reflection symmetry no longer holds, the residual 

symmetry is the hermiticity of the state multipoles expressed 

by eq. (1.5-5). These restrictions, however, do not apply on the 

scattering amplitudes due to reflection invariance of the inter

action and the transformation properties under reflection of the 

initial and the final states.

plane.3 In general, this no more holds when we work with spin
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CHAPTER II

THEORY OF MEASUREMENT FOR ELECTRON ATOM COLLISIONS WHEN 

SPIN DEPENDENT INTERACTIONS ARE NEGLIGIBLE DURING COLLISION

The electron-photon coincidence technique enabled the experimen

talists to study the coherent excitation of atoms by electron impact. 

Recent development of reliable sources of polarized electrons and 

polarized atoms has made it feasible to study the spin dependence of 

electron atom collisions. These two aspects of electron-atom 

collisions are utilized to make a nearly complete determination of 

scattering amplitudes for elastic scattering and the excitation of 

the 2p state of light one electron atoms (for hydrogen only H(2p) 

state) • We can describe the electron atom collision in te~..us of 

the relevant set of quantities in the form

e(pQ, 2 mQ) + A(n0s0mB ) e ^ ,  2 n^) + ** ( H - D

the incident atoms are assumed to be in their ground state. For

elastic collision we can write A(n-6.,m ) instead ofo i

A* in1LiMisims ) • The excited atom A* later decays to a lower

state A(n^L„M„s-m ) . We are interested to study the transitions2 2 2 2 S^

r0 (P0 i “0' n080m s 5 * V * 1  1 “l' nlLlMlSlm s1) '

ro (po 1 V  noBoms0> - ri (pi 1 V  no“im.1) (II.2)

referring to inelastic and elastic collisions respectively. Both 

the transitions are characterized by the scattering amplitude 

a ( r rQ) for the sake of convenience. The normalization to the 

relevant differential cross-section is chosen by the relation:

d
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magnetic sublevel M. as ^  • The polarized differential cross1 Mx
section can be defined In a similar notation by the relationM,

The subscript ,p > on the scattering amplitude distinguishes It 

from the corresponding scattering aiiplitude for the case of 

unpolarized Initial beams.

The relevant differential cross-sections summed over all the 

magnetic sublevels are then given by the relations:

The theory in this chapter is mainly addressed to the light 

alkalis and 2p state of hydrogen for low energy scattering. The 

term high and low energy refers to electron energies high enough 

for electrons to pass the atomic shells and where the electrons 

experience a pure coulomb field and to energies so low that the 

electrons are scattered by a strongly screened coulomb field, 

respectively. In case of light atomic targets collided by low 

energy electrons, exchange collisions predominantly alter spin 

polarization of incident electrons and atoms whereas at high energies 

of about 100 kev with heavy targets, the changes in relevant spin 

polarizations are also due to spin-orbit interaction of the 

electrons in the pure coulomb field (spin-flip due to electro

magnetic interaction) • In short, starting with light targets and 

low energy electrons, it is a good approximation to neglect spin 

dependent interactions during collision time (~10 6ns) so that

1

1

<|a (M,)|2> , and £. *<|a |2> (elastic scattering) ' p i  l P
(II.6)

(II.7)
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changes in spin polarizations are entirely due to exchange collisions. 

In case of elastic scattering, the measurement of spin polarization 

of electrons and atoms is relatively easy, whereas for inelastic 

scattering, the spin polarization of scattered atoms (which move 

relatively slowly towards the spin analyzer) changes during the 

spin orbit relaxation time (~10 3 ns) via fine structure and hyper- 

fine structure interactions. It is also affected by the finite 

life time (~10 ns) of the excited state in consideration and the 

rules governing transitions to the lower states. The scattered 

electron reaches the Mott detector almost immediately. It is, 

therefore, reasonable to rely on the spin measurements performed 

on the scattered electron in case of inelastic scattering.

As we neglect spin dependent interactions during the collision, 

total spin of the electron plus atom system and its projection on 

the quantization axis is conserved during the collision. The 

coupled spin S (channel spin) and (its projection on the

quantization axis) M , therefore, take on the following valuess

8o + 1 to l-o “ *1 * *»
s -

\»x ~ il
and “s - m + m, 

si 181 + 1 to

Assuming that pQ, px, nQ, n^, are sharply defined (in case

of hydrogen target, only H(2p)* state) and suppressing their 

dependence hereafter, application of simple scattering theory gives15

« V O 1 " • (Ml"l8im i' (2S + 1)
SM.

fi i S if i i S
“i  _MsJ I v o _Ms

a(riro)<S) (I1-8)

(S)where the scattering amplitude a(T^r^) gives the cross section



16

for scattering in the channel with total spin S . For light one 

electron atoms in consideration (sQ “ i m s^) , there are two 

channels with S « 0 (singlet) and S ■ 1 (triplet) . The 

singlet and the triplet scattering amplitudes can be written in

terms of scattering amplitudes for direct and exchange scattering.
2 2For instance for S -*■ P excitation,

and . (II.9)

are scattering amplitudes for magnet sublevels in case of singlet

and triplet channels respectively [fM and gM being the
Mi Mi

relevant scattering anplitudes for magnetic sublevels referring to 

a 'direct1 or 'exchange' collision, respectively]}8 The cross 

sections for direct, exchange and triplet scattering are given by 

the following relations

(II.10)

aex - I o*x - I |g |2 (II.10a)
Hx M1 M1

oint - I cjnt - l |f - gM I2 (II.10b)
M, M1 M, M1 M1

The corresponding expressions for elastic scattering can be written 

as

a<0) - * ♦ g , - f - g

ad - |f|2 , aex - 1g 12 , aint - |f - g|2 i
(II.11)
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For convenience, we work in three different coordinate systems 

in different stages of formulation, namely 'collision frame',

'spin polarization frame' and 'photon detector frame'. These 

coordinate systems are defined by taking the incident projectile 

direction pQ , the spin polarization direction of the scattered 

atom n and the axis of the photon detector n , as quantizationS T
axis [Fig.(2)] respectively.

II. 1 CORRELATION OF FINAL AND INITIAL SPIN POLARIZATIONS

When spin-orbit coupling is neglected during the collision, 

Blum and Kleinpoppen19 have given a general theory of spin polari

zation phenomena in collisions between electrons and atoms with 

arbitrary initial spin polarization state. Without going into 

the details of their formalism, we rewrite their eq.(28) which 

correlates initial spin tensors of the electron plus atom system 

with those after the collision (for elastic as well as inelastic 

scattering) with a little change in their notation as:

(r,r ) î ï 1 (S l)+ ® t '*  > ■* _J { (2s + i) (2s +i)}a(r r j (E) a i r r i (s)'
1 0 j'k q *iqi ss

W W *
sl2sl

<r<-0>+ ><fcI
V ‘ o'V ° V * o  ^

I
'o’
jM

x (2 j + 1) { (2K + 1) (2k + 1) (2K + 1) (2k + 1) }
80 1

K»o k° j
Q6q *0 - m

Ksx kl j 

\  qx -M

’3 3 k0 ''3 3 ki
s~ Ŝ K S. s. k0 0 so 1 1 S1
■ s j . s s’ j (II. 1-D
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<T(sn)^ >, <t^ > are spin tensors referring to the
K Q *0qo
so 80

initial atoms and electrons respectively, whereas

<T'(s.)^ > , <t*£ >. are spin tensors referring to the final
K Q *iql
si si

atoms and electrons respectively.

To give the above expression a simple appearance, we used the 

normalization (1.4-6) for the spin tensors and normalized tr Pout 

to instead of their normalizations for these quantities.

When the incident electrons and atoms are polarized along the

same direction n , they would still be polarized along this s
direction just after the collision. This statement can be checked

by taking ng as quantization axis and putting qQ * 0 « Qq ,

k1 * 0 « q1 in eq. (II. 1-1) to get the atomic polarization after

collision. The electronic polarization after collision is

similarly obtained by putting qn * 0 - Q , K ** 0 = Q_ in
0 s0 S1 S1

eq. (II. 1-1). If J?a , £e are initial spin polarization along 
a a 1 e 1the direction ng and P , P. are final spin polarizations 

along this direction (taken as quantization axis) we then get the 

following simplified expressions (one electron light atomic targets 

and elastic as well as inelastic collisions):

c(r1r0,pe'/*/2 - l  <-i)s+1 ad-^) <s,*a<r1r0) (®)f1(s ,s ) <11.1-2)
ss

o d ^ r ^ p 8'/^ I<-i)s+1a<r1r0) (s>a <r1r0) ̂ ‘f ^ s .s ) 
is

(11.1-3)
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The quantity (S ,S) is given by the relation

F, (S,S) - (2? + 1) (2S + 1) T {3 (2K + 1) (2k. + 1)1 , s_ uK k„ 
S0 °

fKs k0 i ] s s i
so 0 -

. 0 0 0, i 3

'1 J ko
X i i K

so

s S i i

<T(J) t
K 0 s _ 0

0
> i « 0, 1

Note that we use superscripts 'a' and 1 e' to denote atoms and 

electrons respectively and a prime on various quantities after 

scattering. Similarly the relevant polarized differential cross- 

sections are given by the relation

a<r1r0)//2 -  l  (- i )s+1a(r1rQ) <s)a(r1rQ) (s )*f 0 (s ,s ) 
ss

on simplification we get

a(r,r0) * I (-1)S+1(2S + i) I a (r .r Q)
Sk^

(S) |2 {! ! •0)<r<i,î0o*«i0.
(II.1-4)

Starting with atoms and electrons polarized along direction

pQ , we get from eqs. (II. 1-2) and (II. 1-3) for elastic scattering

and 2 -► 2 excitation, the final spin polarizarions by theS P
relations
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P a' - { (P a + P e)a - P ead - P ao®x}/JEf (II• l-2a)z z z z z

p e » { ( P a + P ® ) o - P  aad - p eaex}/X (II.l-3a)z z z z z

where

¿ - o - P ^ ® ? ,  (II.l-4a)z z

C * C0 + 2£x , * Re f090* # - Re f ^ *  (2S -► 2P excitation)

and (II.l-4b)

C ■= Re fg* (elastic scattering)

The relevant differential cross sections a, ad, oeX and ¿í have 

already been defined for the elastic as well as the inelastic case,

II. 2 DETERMINATION OF SCATTERING AMPLITUDES FOR ELASTIC 
SCATTERING ON LIGHT ONE ELECTRON ATOMS

Starting with unpolarized electrons and unpolarized atoms,

the differential cross section for elastic scattering on light one

electron atoms is given by the relation18

o(E, ee) - a I f + g|2 + 2 I f - g|2 - J(ad + aex + aint) (II.2-1)

where E is the energy of the electrons and 6^ is the scattering

angle. The polarized differential cross section and the final

polarizations in terms of initial polarizations (if we start with

electrons and atoms polarized in the direction ng and have the

same E and 6 ) are given by the relations (XX.l-2a) to e
(II.l-4a) i.e.

^Pa' - (Pa + p®)0 - P®CJd - Pacex (II.l-2b)

¿P®' - (Pa + Pe)o - Paad - P®aeX (II.l-3b)

JÍ - a - PaPe c, c « Re fg* (II.l-4b)

where we have dropped the subscript 1 z' for the sake of convenience
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in this section. If we solve eqs. (II.l-2b) and (II.l-3b) for
d _ ex a and a , we get

d *<PePa' - p ’ePa )
° - 0 ' (Pe)2 - CP*,2

(II.2-2)

and
ex j£(PePe ' - P ^ 3 ' )o = G — — — — — — — — —

(Pe)2 - (Pa )2
(II.2-3)

d exSubstituting the values of a and a in (II.2-1) we find

o^nt in the form
int m a » S

e aP + P
P + P

(II.2-4)

From eq.(II.2-1) it is trivial to find that

ç « Re fg* « } (od + aeX - a^nt) (II.2-5)

and from (II.l-4b) we get

ç -  jS -^ fJ  «  i (0d + aex -  aint> <11.1-40

Substituting the values of od , aex and cint from eqs. (II.2-2) to 

(II.2-4) into eq.(II.l-4c) we obtain

Pa ' + Pe ' - + "ij {fd’V *  " 1)+ (II.2-6)

a e a * e *If one makes measurements P , P , o, $  and P (or P ),
-I a 'P (or P ) can be found by making use of eq. (II.2-6). Eq. 

(11.2-6) is of considerable importance with regard to the experimental 

situation, e.g. if we start with both electrons and atoms polarized 

along the same direction (for convenience say pQ direction), then 

the final polarizations are correlated by eq. (II.2-6) so that spin 

polarization measurements are only necessary on any one of the
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M on thesfor electron plus atom system S and its projection M on theb
quantization axis is conserved during the collision. It means 

that changes in the spin variables are entirely caused by electron 

exchange collisions. It is also justified that we neglect the 

fine and hyper fine coupling inside the atom during the collision.

We try to explain this S, L uncoupling physically in the following 

way. In the excited atomic states the orbital angular momentum 

L and the spin S couple under the influence of the fine structure 

interaction and precess around the total angular momentum J of

the atom, The collision time (t ~10 6 ns) is, however, muchc
shorter than this precession period (t , ., 1  ) so that

J 1  J 1  E -E
J 1  J 1

the spin vector does not have appreciable time (i.e. 1 0  ns) to

precess around during the collision. Therefore, L and S can 

be considered to be uncoupled during the collision. The above 

arguments are even stronger for the coupling of isotopic spin since 

hyperfine structure interaction in most physical situations is 

much weaker than the fine structure interaction [i.e.

JiF 'ipi JiF - E
JiFi

»  T

The assumption that t «  x _ f _ (or t _ _) implies that thec J jF

atoms can be considered as instantaneously excited just after the 

collision which is, therefore, chosen as zero of the time scale in 

our formulism.

(b) We are going to describe a new generation of coincidence 

experiments where we start with polarized electrons (with sharply 

defined initial momentum p^) and polarized atoms and electrons 

scattered (with sharply defined final momentum p^) in the direction
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(©e# 4>e) (with respect to the initial direction pQ) are detected 

in coincidence with photons emitted in the direction n^ « (0 ,̂

(in the subsequent decay of the excited atomic states) without spin 

selection of the final electrons and atoms. The geometry of such 

am experiment is shown in Fig. (1) . The essential point for the 

understanding of electron-photon-coincidence experiments is that 

the observation is restricted to radiation emitted by those atoms 

only which "scattered” the electrons in the direction ( 0 , 6 ) 

emd emitted the photons in the direction (0^, <t>̂ ) . In other words, 

a certain subensemble of excited atoms is "selected" in the experiment, 

and it is the state of this subensemble only which is relevant in 

the theory of coincidence experiments.

In view of the above assumptions, the description of the 

coincidence experiment is divided into three steps:

A.

The characterization of the atomic subensemble of interest 

just after the collision.

B.

The time evolution of the excited states under the perturba

tions due to the fine structure and hyper fine structure 

interactions.

C.

The description of the photons observed at a later time 

instant 't' just after the collision.

These three steps are the subject of the next three sub-sections.



26

II. 3A DESCRIPTION OF SPIN-POLARIZED EXCITED ATOMIC ENSEMBLE 
JUST AFTER THE COLLISION

The density matrix characterizing the excited atomic ensemble 

just after the collision (at instant t = 0 ) when collision is 

describable in LS-coupling approximation is given by the relation 

p(0 ) - p (0 ) ® pT (0 )
si Li

where the subscripts s1  and refer to the spin system and the

orbital system (of the excited atomic ensemble of interest)

respectively. The symbol 0 stands for a Kronecker-product

(direct product). The density matrices p (0) and p (0)
si i

are expanded in terms of the spherical tensor operators according 

to the relation (1.5-1) in the 'collision frame'. In particular 

(subscript 'p' emphasizes polarization dependence)

PT (0) 
Li V 2 <t p (l i )kl  {L> T (L )

p 1  *l A .
1  “ 1  - - “ 1  “ 1  

where according to eq. (1.5-4) [for sharp values of only]

X 1  L 1

(2 K + 1  )^ _ l (-1 )
1  Ml«l

L 1 ' M1
L 1  Li kl .

-  M 1  -  2 ]

<m 1 |pl  (0 ) 1mx>

(XI.3-1)

If p (i) is the initial density matrix describing the state of 

electron plus atom system before collision, we have

p(0) ■» T p(i)T+

where T is the transition operator for the transition -*• 

The matrix element of p (0) between the desired pair of final 

states is given by the relation
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<M1ms m1|p (0) |M1ms m ^> ■ _J _ <Mims “l lTP (i)T+ lMims xni>
1  m m  1

S 0 ° m ni
S 0 °

Madcing use of the completeness relation J |m m ><m mQ | -  1 ,
m m^ s 0 s 0

S 0 0

twice, we get:

7 <M.m m iTlm m > < m  m lp(i)|m m . x m  m-|T+ |M,m m, >
m  m 1  S 1  1 1  s 0 ° S 0 ° S 0 ° S 0 1  Sl ^

S 0 ° m in
so 0

l a (M.xn m, , m in )a(M,m m, , m m_)*<m m !p(i)|m mrt> (II. 3-2)
» »„ 1  si 1  so 0 1  mi l so 0 so 0 so 0
so 0

m m^
so 0

To tramsfonn the scattering anplitudes to the coupled spin space of 

electron plus atom system eq. (II.8 ) is used. The state vectors

|s m , Jxn > are transformed to the state vectors | (s 2), SM >
0 Sq o o s

by a Clebsch-Gordon transformation of the type

i r i ^“so"Ms(s s)m m > - l  (2S + 1)* (-1)
s 0 SMS

i

m. m_ —M_ 0 S
(S0 i)SMs> 

(II.3-3)

After transforming eq. (II.3-2) to the SMg-representation, we sum 

up the resulting expression over unobserved final spins of the 

atoms and electrons to get (after applying the orthogonality of the 

relevant 3j symbols) the reduced density matrix1 3 describing only 

the orbital state of the excited atomic ensemble in the form

(0) |M_ > - <a (M )a (M )*> » l a(M.) 0 * * * (S)a(M.) <S> *<SM_ | p (i) |SM >
J- L1 1  P J - P J *  S M 1  1  5  ®S

(II.3-4)

where we write '<a (M,)a (M,)*>' for the reduced density matrix P 1 P 1
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element of p(0) for the sake of convenience. The matrix element

<SMg|p(i)ISMg> for polarized initial beams is found from Blum's
19eq. (24) and in our normalization is given by the expression 

<SM_|p(i) |SM_> ■= l  (2S + 1) { (2K + 1) (2k. + l)}^<T(sn)^ ><t*
K Q 

S 0 8 0

ko qo

, „ q >O' K Q k *0
S 0 S 0 °

K +k+S-M s 0 S
* (-1 ) ° I<2 j + 1 )

S S j’ (k k ji 00
Ms-Ms 0 Q q_ 0 0
. 0

K k j
so 0

so 5 S
so i s (II.3-5)

When one starts with unpolarized initial beams, then eq.(II.3-4) 

gives

«atM^aiM^*» ~ 2 ,2 s1 + d  l <2S + l)a(M^ (S)a(M^ (S)* (II.3-4a)

which is in agreement with Blum and Kleinpoppen. 5

We now specialize eq.(II.3-4) for 85 J (light one electron 

atoms) and for both the initial beams polarized along the Z 

direction.. In this physical situation the reduced density

matrix element (II.3-4) looks like

<a (M. )a (M_ )*> - <a (M )a (M ) *> - 5 p / p f*M >p i p i  1 1  Z Z M, 77
m i 1

(II.3-4b)

One gets a similar expression if the initial beams are polarized 

along X(Y) directions. In that case the subscript Z is 

replaced by X(Y) with the initial polarizations in eq.(II.3-4b).
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The reduced density matrix elements in eqs. (II. 3-4) and 

(II.3-4b) eaqplicitly depend upon the initial spin polarization of 

electrons and atoms. This dependence is transferred to the state 

multipoles (describing only the orbital system of the excited atomic 

ensemble) defined by eq. (II.3-7). This causes a break down of

reflection symmetry in the scattering plane for the excitation 

process when any one of the spin polarization vectors have a non

zero component in the scattering plane .2 1  This symmetry, however, 

survives when the spin polarization vectors are normal to the 

scattering plane. In particular when electrons and atoms are 

polarized along the direction Z (or X) [ZX is the scattering 

plane defined by the vectors pQ and p^] the residual symmetry is 

the hermiticity of the state multipoles defined by eq.(I.5-5a), i.e.

x i Li (-1> 1<T(Li ) l̂ 2l :l l
(II.3-6)

For the sake of convenience, the relevant state multipoles can be 

decomposed into spin polarization independent and spin polarization 

dependent parts as follows

" <T(Ll)\ QL1> +
(II.3-7)

where a subscript 's' denotes the spin polarization dependent
2part. A complete set of state multipoles for a P state of light

one electron atoms is listed below for utilization afterwards (the
»

subscript 's' takes on values X, Y, Z).

t
p'" 0 0

+ ( - 7 5 - p “p "c )1  -, ap e 
s s

s *  Y<V 1)Io> "  0 + / 3  psapse ( c 0 - 2V  '

<Tp (1 )Ii> - - - k  Inl(2 flf0* + 2gi V  - fi V  - «lf0*>

+ - h  psapse + « i V »
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<T (1)! .> - <T <1)J >P P 11

- 4 (*i - *o> - /T(°1 - + {<->ps V (ci - 2V }

«V11«” - <-> £ Re(2fiV + 2W  - W  - giV 5 
+ ^ psV  Re(fi V + w *

<T (D* ,> - (") <T (I)*»p 2 f-l P 21 (II.3-8)

a_ e
<TP (1 )22> “ (- ^ l  “ <")o + Ps Ps h

<T (D* _> - <T(1)^,>p 2 , - 2  p 2 2

II. 3B PERTURBATION OF THE SPIN POLARIZED EXCITED ATOMIC ENSEMBLE 
BY FINE STRUCTURE AND HYPERFINE STRUCTURE INTERACTIONS

We have explained earlier that during the excitation the orbital

and spin angular momenta of the atoms are uncoupled. Therefore,

the atomic states immediately after the excitation are represented

in the uncoupled representation > to a good degree

of approximation (especially for the light atoms under consideration) . 

These states are the eigenstates of the unperturbed Hamiltonian .

After the excitation the excited atomic ensemble is assumed to 

evolve under the influence of the total Hamiltonian of the form

H « Hq + V(f) + V(hf)

where V(f) and V(hf) are the extremely weak perturbations due 

to fine structure and hyperfine structure interactions. The time 

development of the atomic state is governed by the operator 

U (t) * exp (- iHt/h - Tt)

where the operator T describes the decay of excited state by 

photon emission.
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Since the orbital system and the spin systems are uncorrelated 

at time t * 0 , the density matrix describing the excited atoms 

is given by the relation

p(0) * p (0)0 pT (0) ® p_(0) (II.3.9)
si Li 1

Note that in subsection (A) we did not include p^O) which 

describes the nuclear spin system at time t = 0 , since it was 

irrelevant during atomic excitation. Assuming that the atomic 

spin and nuclear spin is polarized along the same direction ns
[Fig.(2)), then, the density matrix p (0) (which describes a 

coupled system comprising of orbital* system and spin systems of the 

excited atomic ensemble) is expanded in terms of spherical tensor 

operators taking spin polarization direction ng as quantization 

axis (due to rotational invariance of the perturbation tensor around
A i cng) in the form1^

P(0 )
K K. 
si 1

xt
si Li

® T ( X ) k  >t (s1)k
1 0  s1

Kt Xt
x i Li

0  T(Li \  Xt 0 t (i )k .o 
x i Li 1

(II.3-10)

In most of the practical situations the fine structure inter

action is by far stronger than the hyperfine structure interaction 

(i.e. the energy splitting due to fine structure interaction

E , - E  » E  , E the energy splitting due to hyperfine
J i Ji JiF i" JiFi

structure interaction) so that can be treated as a good quantum number

for the purpose of estimating the effect of these perturbations

during decay. Let T , , x , F be the relevant precession
1 1  1  1

periods and T the mean life time of the excited state in 

consideration, then the following physical situations are treated.



32

O  v ijr  ’

The perturbation due to fine structure interaction must be 

considered whereas hyper fine structure interaction has no appreciable 

effect before the excited state has already decayed. In this case, 

we need not couple p^(0) in eq. (II.3-9), i.e.

P(0) = p (0) 0 p (0) = l <T(S;l 0 0 T(V " >T(Sl)K 0

1  1  S i W  SX \  L 1  S 1

© T(L„ )
r K I*]

(II.3-10a)

The density matrix p(t) describing the state of the excited atoms 

at a later time 1 1 ' after the collision is given by the relation

tp(t) = U(t)p(0)U(t) (II.3-11)

K I v <T“ 1’*. x. >a,t>K  T X T S 1
S 1  L 1  L 1  1  1 1

t (s i )k s o ® t (l i )kl xl  >u(t)

For electric dipole transitions it can be assumed that the spins do
qnot change on decay. . Then, one is only interested to find the 

reduced density matrix p(L^; t) describing the state of the

orbital system of the atomic ensemble at time 't' 

by the relation 1 3

PT * T —
L 1  2sl— T T  E <i  ® ^ (LjL' t)KX>I  ® T(L 1 ; t)

KX KX

This is given

(II.3-13)

(Li; < >  - J  <T(L1 >K v >G(L1 ; 6(x' V  (II-3"14)
kl *l . x i Li L1 1

À
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XL XL
2 1  1 1and the perturbation coefficients G(L_; t) are defined byX K K

Lithe relation

XL XL
G(Li, t )  1  = l  0 >tr{U(t)(T(s1)K 0 ® T(Ll) )

^ 1  Ks, S 1  S 1  ^ 1  L 1

U(t) ! ® T ( L . ; t>_ } (II.3-15)J. K-X

The elements of U(t) are diagonal in the eigen-state representation

I (L. s.,)J-M > of the total Hamiltonian H , the matrix represen-X JL 1

tation of U (t) in this representation has elements

<(L1 s1 )J'1 M ,J |U(t) | > = exp(-iEj t/ft)6 (J'lf , M j )

(II.3-16)

Making use of eq.(II.3-16) and some standard techniques of coupling
22spherical tensor operators and finding their matrix elements, we 

get the following expression for the perturbation coefficient.

XT Xr 
i i

G(L1 ! t)KL K K J ' J  
S 1  1  1

T ,+ (81+L1+J,1) + (KSl+KL1+K) + Xl
l <T(51  )R „>(-1 ) 1K 0  

S 1
x + i) <2 ^  + i)

x { (2K + 1) (2K + 1) ( 2K + 1)}
S 1  \

K K K 
S 1  L 1

° XL _XT. 
L 1

J,1 J ! K 

L 1  L 1  S 1

J 1  L 1  S 1

J 'l L 1  S 1  

K K K
Li si>

exp{-i(E , - E ) t/tt - \ (y + y )t)
1 1  1 1
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Note that we have also included the effect of the decay of the fine

substituting K * 0 in eq.(II.3-17) we recover Blum's eq.(4.3.3) 
S 1

in Phys. Repts. (1979).5 ‘

The perturbation due to hyperfine structure interaction can be

included by assuming that fine structure states are almost

instantaneously populated just after the collision and later

precess extremely repidly about their mean value with a period

T , <<T . We, therefore, couple p.(0) with the stationary
1 1  1  

value of p (0) 0 pT (0) 'under the influence of the Hamiltonian 
si Li

H = Hq + V(f) and then consider the time evolution of p (0) under

the total Hamiltonian [H * HQ + V(f) + V(hf)] . Proceeding

exactly as in case (a) (assuming that spins do not change on decay)

the reduced density matrix p (t) is given by the relation (t is
Li

the time of photon emission)

structure states (y , , y are the relevant decay widths). On
1  1

(b) t « T

1

bation coefficient
G(L1? t)

however is given by
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XL XL

G(Li; ^ k / k  1  “ e"Y\  l  0><TlI)fK.0>S (J ' l '  Jl>L, K J\, S. 1
1  si  1  1

I ( - D

(K +K +K +K.)+(L -S.+I+F.) S1  1  1 1  1

j if 'if ik j .

x (2JX + 1) (2F, 1  + 1)(2F1  + 1)

? 1
{ (2K + 1) (2K_ + 1) (2K + 1) (2K. + 1) (2K + 1) }

si Ji i

fKSl V  Kjn K. K J, *
1 1 1 1

0 XL, _XL. XL, ° 'XL,
1  lj

r K K K K, K. KJ, J, K F 1 , F, K s, L, J, 1
1  1 1  1 1 1 1 1

s, L, J, J, I I*,L L s 1 • 1 1 1 - 1  1
1  1  1J s, L, J_ J_ I F.{ 1 1  1  j 1 i

exp{-i (E " Ej F )t:/R “ YJ t}
1  1  1  1  11 1

(II.3-19)

The quantities K and K take on the relevant values in 
Ji

accordance with the angular momentum coupling rules, i.e.

K_ = IK - K_ | to K + K. and K = |K__ « K - K I to K + K and KJi si V  si Li _ - K. to K + K.
J 1  1  J 1  1

If we substitute K = 0 = K. om (II.3-19) we get Blum's eq. (4.7.22) 
si 1

in his book . 1 5

We next specialize eq.(II.3-19) for the case when either nuclear 

spin is unpolarized (K^ = 0 ) or atomic spin is unpolarized

(K 0 )
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For = 0 we obtain

XL XL
G(Lr  fc)k  K 

X 1

1 - 1  „ + ( 8 +L +J-)+XLl
—  l .  ^ V k  o^ " 1’2 1 K J_ 

S 1  1

F,1 F 1

x (2J1 + 1)

(2F'. + 1)(2F_ + 1) { (2K + 1) (2K + 1)
1 1  si

(2K +1) x
K K K

S 1  L 1

0 XL "XL
L 1  L 1

J 1  J 1 K

L 1  h  «1 ,

F 'l F! K 

J! J 1  1

2
K K K 

S 1  L 1

S 1  L 1  J 1

[ S 1  L 1  Jl )

1U>F ' F t 
1 1

di.:

where we assume that

V ,  = Yj = Y = -

For K = 0 we obtain 
S 1

XL XL
G(L1 J t}K. K = 2 s"

•Yt (j 1 +i+Fi )+k ì+Xl

— „ l1 K.J,
1  1

F ' F f 1 1

x (2J1  + 1) (2F, 1  + 1 ) (2F1  + 1)

{ (2 K + 1 ) (2 K. + 1 ) (2 K + 1 )}
L 1  1

K.
1

K

0 -x.

J 1  J 1  k l . 

L 1  L 1  S 1

J 1  J 1  K 
Li S

-19a)
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The time dependent exponential factor in the perturbation

coefficients has to be integrated over the resolving time tr  of

the apparatus. In case TR>>T ' it is a reasonable approximation 

to integrate this factor from t « 0 -*■ 00 with negligible error.

To distinguish this situation, we put a bar on the relevant 

perturbation coefficients.

For instance if the atomic spin just after the collision is

polarized in the direction p Q , the 'spin polarization frame'

then coincides with the 'collision frame' and in all the expressions

for perturbation coefficients we substitute xT = QT anâ X = Q
Li Li

(X*s are the components of the state multipoles in the 'spin 

polarization frame' and Q's the corresponding components in the 

'collision frame'). For convenience, the perturbation coefficient 

is decomposed into spin polarization independent (G ) and spin

- Vspolarization dependent G (L. ) parts. Then for the case of1 IV. IX 
X 1

E . - E, >>y ( » <<t) and when hyperfine structure interaction
J 1  Ji J iJi

is neglected, the following perturbation coefficients are relevant 
2for a p state of light one electron atom:

G2
—  T3

G ( 1 ) 0 1  = ° - 3 6 3  T P 'z
a

G ( 1 ) 2 1  = ° - 0 7 4  T P '
a

G ( 1 ) 2 1  “ ° - 0 6 5  T p '
a

z z

G ( 1 ) 1 2  = ° * 5 7 7  T P '
a G(l) 1 2  = 0.500 T P* a (II.3-20)z z



II. 3C RADIATIVE DECAY OF SPIN POLARIZED EXCITED ATOMS

The radiative decay of an excited atomic ensemble with 

unpolarized spins is discussed very extensively in literature. 3 ** 5 1 5  

We describe the decay of a spin polarized excited atomic ensemble.

The following additional assumptions are made in addition to those 

laid down at the beginning of section (II.3).

(i) Irrespective of the excitation mechanism, all the details 

of the excitation process are given by p(0 ) which is assumed to 

be known.

(ii) The perturbations due to fine structure and hyper fine 

structure interactions cure weak and of little relevance to excita

tion and decay processes which can be treated as completely 

independent processes. These perturbations, however, change the 

state multipoles describing the excited ensemble between excitation 

(t = 0 ) and decay by photon emission (time 't') via the perturba

tion coefficients (subsection B).

(iii) The excitation and decay times are sharply defined.

(iv) The atomic and nuclear spins do not change on 

excitation and decay.

(v) The excited ensemble in consideration is in general a

statistical mixture of states > where y^ denotes

collectively the set of quantum numbers which are necessary to

describe these states in addition to the angular momentum quantum.

numbers J,M • These excited atoms then decay to the lower 
1  Ji

levels I > emitting photons. We assume that y^ and

y^ are fixed and suppress the dependence of the state vectors on
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these quantum numbers hereafter.

(vi) The lower level is either the ground state (resonance- 

transitions) or it decays very slowly.

In view of the above assumptions we consider the time evolution 

of p(0 ) under the interaction between the excited ensemble and 

the electromagnetic field of the virtual photons [V^ (t)] indepen

dent of the simultaneous (extremely weak) perturbations due to fine 

structure and hyperfine structure interactions. These effects are 

included at a later stage via the perturbation coefficients.

Immediately after the excitation p (0) evolves under the 

influence of the total Hamiltonian H = + V^(t) . This time

evolution is described by the time evolution operator U (t) so 

that at time 't' we obtain

p(t) = U(t)p(0)U(t) + (II.3-21)

The density matrix p(t) describes the entire ensemble of atoms and 

photons at time t , that is, the atoms which are still in the 

excited state, the atoms in the lower levels, and the photons 

emitted in the time interval (0, t) . The decay process can be 

described in the first order perturbation theory. In this 

approximation the operator U (t) is given by the relation

U(t) - UQ (t) {1 - t  f0 U0 <t)+VY (t)U0 (t)dt} (II.3-22)

where U^(t) is the free time evolution operator corresponding to 

the unperturbed Hamiltonian H^ .

To be concise, we omit all the preliminary details of these 

calculations which can be found in ref.(15). We are interested

in the reduced density matrix describing the state of only those
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photons emitted at instant 't' after the excitation in the direction 

with frequency u and helicity X in the 'photon detector 

frame' (when level > decays to level lJ 2MJ > photon

emission). This is found by differentiating eq.(5.1.11) of ref 

(15) with respect to time i.e..

P'(n , t)x,x = c(o>) l  {<J2 m j Ip W J I ^ M j >
J2 MJ 2

X <JlMJ1lr-xlJ2MJ2>}

X exp{-i(E_, -E )t/_ - ¿(Y_, + y )t} (II.3-23)
J 1  J 1  R J 1  J 1

where X', X = +1 (+1 for RHC/LHC photons).

The quantities T '  r  \ are spherical components of the 

dipole vector £_ in the 'helicity-frame' spanned by the unit 

vectors

+ 75 <ê<V - ®(<V } ' êo A

Then,
—   ̂ A A . A
r = r%i e+i + r -i e-i + r o V

When we normalize according to tr P*(ĥ , t)^,^ 

intensity of the radiation, the leading factor

the relation
e2«1*c (a)) = —--T dtt
2 TTCd

(II.3-24)

* I(n # t) , the 

c (oj) is given by

e being the electron charge, c the velocity of light in vacuum

and dft the solid angle into which photons are collected.

Since the light emission depends on the electronic variables 

alone (as assumed earlier, the spins do not change on decay), 

therefore, to include the effect of extremely weak perturbations
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due to fine structure and hyperfine structure interactions we

substitute the reduced density matrix p, (t) (describing only the
Ji

electronic states of the excited atomic ensemble at time t) for 

p(0) in eq.(II.3-23) and do not repeat the resulting exponential 

factor of the perturbation coefficient [Blum1 5 §5.4] . The density 

matrix representing the atomic states at the time of decay (after 

evolving under the influence of weak perturbations due to fine

structure and hyperfine structure interactions) in the uncoupled 

representation1 3 Hq ) in ^ e  PhQton detector

frame is given by

p(t) « l <T(J1? t)* ® T (I ? t)* >T(J1? t) ® T (If t)
K q
K.q.

1 1

x«i Kigi

(II.3-25)

To find the reduced density matrix p (t) we put K. = 0 in
Ji 1

the above egression and obtain 

<T(J, ; t) >
P, (t) 
Ji

I
Kq

r  ~'Kq 
( 2 1  + 1 ) T(Jr (II.3-26)

Substituting P (0) by p_ (t) in eq. (II.3-23) (dropping the
Ji

eaqponential} we obtain

c (a>) r
P ^ y ’ 2 1  + 1

Kq,J2M j 2
{<J2MJ 2 lr-X*lJ,lM 'j1>

|T(Jlf t)Kq « ll^Mj ><JiM l < x^2 M »

x ^Kq*

2 1̂ 7 T  I t  _x ■ (T (Ji » t)Rq 8  llr^XTfJ,; t)J 
Kq Kq

(II.3-27)
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Since vector r is a tensor of rank one, we apply the Wigner 

Eckart theorem to get the relevant matrix elements.

J2 -*. J 1 J'
2 1

-M -X' M '
J 2 J 1

<j2II£||j ,1>

J -M2 J.
<J2Mj 2 lr.x lJiMji>* - (-D

^ ,l!.\lT<JV l ) KqlJlMJ1> “ ‘-1»

J 2 1  

-M -X
Ji

J 2

J ' , —M ' , \ j \ *1

1  J1 1 1

-M -q 
L J 1

(2 K + 1 )

By simple application of the following^ Sum-Rule on 3j-symbols,

l (-D
1l"nl+12-n2+13-n3

nln2n3

X 1  jl X 2

vnl ”l _ n 2

X 2  ^ 2  X 3

n2 m2 "n 3

*■3*3 h

n3 m 3 “nl

( - 1)
W j3 j2 j3

ml m2 m3 h h  “h.

and some simplification we obtain

trfc-J.TM'iJi- „  l T (-1}
Jl+J2 +X iA (2K + 1) 2

J 1 J 1 J 2

1 1 K

•X' X q

1><J2IIrl

1 1 K

J, J', J1 1 2
(II.3-28)

We next transform the state multipole <T(J. ; t) > from the 'photon 

detector frame' to the spin polarization frame by the relation

v «¡E,* - i  tjix >D(v*«C<T (J.



and obtain

P' < V  0 x-x “ C(U,)J  tr{r_xtT(Ji; t J ^ r ^ X T U ^  t ) ^  >D(ny-^s)
Kqx

A A x (K)
qx

(II.3-29)

To specialize eq.(II.3-29) for the present case of 'LS-coupling 

holding during the collision* , we substitute for in

eq. (II.3-29) and use the appropriate reduced density

matrix p_ (t) instead of p (t) in eq.(II.3-26) from subsection 
Li Ji

(B) in the photon detector frame. Eq. (II.3-29) in this case 

becomes

p’ (n , t)x,x = c(u) I  tr{r_x ,T (L^j t) r ^ }  T«^» t)*.. >D(n -£_) <K)
Kqx Kq'-A' 1' 'KX 

(II.3-30)

Y s qx

Substituting the value of the state multipole <T(L^; t)R^> from

eq.(II.3-14) in terms of the relevant perturbation coefficients of 

subsection (B) we obtain
XT Xt
l i L i

P' < V  t}X*X “ „ tr{r-X ,T(L1i t)Kqr!x}<T(Ll)i  XT >G(Ll’ KK q
KL XL 

L 1  L 1

L 1  L 1

x D(ô ^  ) (K)Y S qXT (II.3-30a)

As a final step we transform the state multipole <T(L.) >
w

from the 'spin polarization frame* to the 'collision frame', by 

application of the transformation
(K_ )

A A (II.3-31)
(k l  )

< T ( L 1}K .  x. > -  J - Q t > d (V * o > x  o
S  1  Ll Li Li

•L1 XL 1
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to obtain

P’(V  ^ A ’X " c ( cu) J tr{r
Kq

(II•3-30b)

The state roultipoles <T(L > are functions of the

excitation amplitudes, as, for example, can be noticed in the set 

of eqs. (II. 3-8) . It is convenient for the experimentalist if he 

relates eq. (II.3-30b) to the Stokes parameters (introduced in 

Section 1.3) via eq.(1.3-7).

When the excited atom is spin polarized along the direction 

pQ just after the collision (then since ng = p^ , the rotation

when E _, - E, >>y (t _, , <<t) and the hyper fine structure inter-
J i Ji J iJi

action is neglected. The relevant perturbation coefficients are

unity and xL = QL )

eq.(II.3-30b) simplifies to

1

X <T(L1 >Kt q . >g (l i ' 
L 1  L 1

(II.3-30C)

To illustrate our formulism, we find Stokes parameters for
2 2the resonance transition S P in light one electron atoms



When thegiven in the set of eqs.(II.3-20) [assuming t >>T] . 

initial electrons and atoms are polarized along the direction p Q , 

the Stokes parameters are found by comparing the density matrices 

in eqs.(II.3-30c) and (1.3-7) in the form

I - C(U)) |<0 | | r | |1 >P( ^ 3  V V ^ o t f  + Y  G2{273 ~

sin26Y cos$Y<Tp (l) 2 X> + sin2®Y cos2 <tlY<Tp {1) 22+>|]

+ {sT? G(1) 10 + j/F(3COS\  - 1)G(1)?2}<Tp(1)Io:

- j G d ) “  sin2 0 y sin ^  i<Tp(l) J1>)

in. 4- c(u>) | <0| |r| |l>2 ((“/2 G1  sineY sin^ K T p d ) ^

+ G'1» T l coseY<Tp (1 )io>

+ Gx cos0Y<Tp (l)Jo> + G(l)°° cos0Y<Tp (X)^o> 

- / 2  G(l)Ji sin0„ cos4>^<T„(l) 21>j21 Y P

m 3 —  j c(u>) I <0 | |r| |l>f [[g 2 ( 4  sin2 eY<Tp (1 >io> + sin26Y cos+Y<Tpd) 2 X>
+ ( 1  + cos 0 )̂ cos2 <i)̂ <Tp(l)»»]

+ 4 G(1)S  si" 2 eY<TP (1 >1 0 > + G ( 1 ) 1 2  sin29Y sin*Y i<Tp (1> II^

lT1l “ J  C(u) l<0l 1 ^ 1 l1 > |2 [[2 G2 (SineY sin*Y<Tp (1 4 l >

•Y<V1,«>)]+ cos© sin2 <t> 
Y

- 2 G(1 ) ^ 2  sin6 ^ cos4>^ i<Tp(l) ;>>) (II.3-32)
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where

I <o 1 1— 1 1 1 > I 2 = 1

and we have put those terms which are independent of the polarization
• a *of the scattered a tan p^ in the square brackets. It is 

worthwhile to point out that our theory has agreement with Blum 

and Kleinpoppen (1979)5 when unpolarized initial electrons and 

atoms are used.

II.4 COMPLETE DETERMINATION OF SCATTERING AMPLITUDES OF 
A 2p STATE OF LIGHT ONE EI£CTR0N ATOMS_____________

From a practical point of view the resonance transition
2 2p - s in light atoms is quite useful and can be tackled now 

by the above theory. The six state multipoles in the relations of 

eq.(XI.3 -8 ) can be determined by suitable experimental measure

ments. For instance if the spin polarizations P , Pa and P' 

are known then these state multipoles can be determined in the 

following two ways:

(a) by measuring 1(0^40 at, at least six different photon- 

detector positions# (keeping the electron-analyzer fixed, a 

so-called angular correlation experiment) , and by simultaneously 

inverting the spin polarization of one of the incident beams.

In this way the components of the state multipoles dependent on 

spin polarization can be separated from those which are independent.

(b) Stokes parameters (II.3.32) can be measured at two suitable 

photon-de tec tor positions with simultaneous inversion of spin 

polarization of one of the incident particles. This set of 

measurements produces sixteen simultaneous linear equations from 

which the required set of state multipoles can be determined.
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We list all the state miltipoles in terms of scattering 

amplitudes for magnetic sublevels for direct and exchange 

scattering.

<T (1,oo> “ 7S

<T(l)^0> = 0

<T(1)^> - - - f t lm(2f1 f0* + 2gig0* - - g ^ * )

<T(1)M> = yF(°l - 2°0>
<T<1>ai> “ ‘  75 R e{2fi V  + 2gi go* ‘  f i g o* '  g i £ o * }

<t (1 >m > “ " ° i

and
t<Ts(1) oo* “ 7T" c

<V 1,io> “ /3 ****lio • 2C1 )
<V 1 ,1 1 > “ ■^'pape Im(fl9 0 * + glf0 *)

<T.<1 >Io> ■ /!"'*** (5i - 2 co>

<V 1,21> “ ■ A pape Re<flg0* + 9 lf0 *>

<V 1 ,2 2 > “

Only eight out of these eleven quantities are independent 

since it can be checked that

<V 1 , 1 0 > ‘  - 1 -8<Ts ( 1 ) So> + 1 *2/2<Ts ( 1 , i o >

<*<««> - - nr  - j 4  <T<1>io>
- 7 4  - 1><V 1)Jo> - #  <T.(1)io>

From the eight independent quantities it is trival to find 

o, o0, OyZ* C0# together with ( f ^ *  + g ^ * )

and ( f ^ *  + • We
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iX
0 1 0  

and we have

. *j. “ IfJ« X.

fol2 + I®,

i4,og„ e , g.

2 _

i*.
gl 6

or lf0 l2 + fgol2 “ °o + co
I M 2 ♦ |gj2 ° 1 +

we substitute

lf 0 l2 “ x o' lf i l 2 “ x i '  and lgo>2 = yo' lgi >2 " y i

2 2then we write eqs.(II.2-2) and (II.2-3) for S ■> P excitation 

in consideration in the form:

xQ + 2 x 1  “ C 1  (known) 

yQ + 2y1 = c2 (known) 

and from above

xQ + yQ * c3 (known) 

x^ + y 1  = c4 (known)

Further

and

lg0* + gifo*) - 1 f 11 |s0 l =os(Xl - O'q) + |gx l 1f o l003^! (II.4-5a)

igo* + gifo‘> * 1f! 1 |g0lsin(xi - V  + !|gx 1 lf0 lsin’<,i (II.4-5b)

i V  + g!g0*) - 1fi 1lf0lcosx! + I g J |g0 |cos (O'! - O'q) (II.4-6a)

i V  + g!g0*> “ 1f! 1|f0 |sinXl + I g J |g0 - i/>0) (II.4-6b)
squaring and adding (II.4-5a), (II.4-5b) and then (II.4-6a)#

(II.4-6b) we obtain

If 1 1 2 I I 2 + l̂-L I 21f o I 2 + 2 |f0l |g0l I fi I IgjJcositXj. - *!> - V  " c5 (II-4_5) 
lfil2lf0l2 + l̂ i12l̂ o12 + 2lf0l |g0l lf1 1 l^lcosUxi - o»!) + o-0} - c6

(II.4-6)

il * |g1 |cos( ^ 1  - xx) and c0 « |fQ | |gQ jcosil;,
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we get# on taking positive square roots only

sin(V»1  - Xj_) “ + / 1 - C*/|i1 l2 |g1 | 2 (II.4-7)

and

sin*Q - + / 1 - t f / \ £ 0 \Z \<30 \* (II.4-8)

Subtracting (II.4-5)# (II.4-6) and using (II.4-7)# (II.4-8) 

we obtain

<X 1  - *!> <x 0 " y0> + 4 ^ ( x 1 y 1  " Ci5 (x0y0 ‘ “ C7

But yQ - c 3  - xQ and y1  * C 4  - xi we obtain

(2 XX - C4) (2 X0 - C3) + 4/ {X^C^ - Xx) - i^}{x0 (c: 3 - x0) - £*} «= c7  

Furthermore with

2 X 1  - C 1  - xo
we get

(C1 - x0 “ c4) (2x0 ' C3> + 4/ {*C1 - (C4 - lCl + * V  ‘ ^

I{X0(C3 " V  " Co} “ °7

I(X0 - Cx + C4) (2X0 - C3) - C7) - 4[{(X0 - Cx) (X0 + 2C4 - C J  + 4 ^ }

iX0(X0 - C3> + Co}]

This is a cubic equation in X Q of the form 

a0x0 + alX0 + a2X0 + a3 “ °

The physically acceptable root can be chosen such that 

x 0 - lf0 l2 “ positive and XQ S o0

Substituting XQ in eqs. (II.4-1) to (II.4-4) we get X^# YQ# Y 1  . 

Then is found from eq.(II.4-8). Now eqs. (II .4-5a) # (II.4-5b)

and (II.4-6a)# (II.4-6b) take the simple form



A^cosx^ + B^cosij^ ■ D 1  

A2 sinx 1  ♦ B 2 sin^ 1  - D2  

A3 c o s x 1  + B3 cosi(i1  - D3

A4SiX1Xl + B4sin^l " D4

Taking these equations and using suitable pairs, we get x^ 

iĵ1  . In this way all the quantities |fQ |# |^1|# |gQ | » \9^\ 

and the three relative phases \J/q # are determined.
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CHAPTER III

THEORY OF MEASUREMENT FOR ELECTRON ATOM ELASTIC SCATTERING WHEN 

SPIN ORBIT INTERACTION IS INCLUDED IN TOE COLLISION

Spin polarization analysis2 3  2if 1 7  in electron atom collisions is 

important for increasing understanding of the detailed mechanism of 

scattering in atomic physics. We have illustrated this for 

elastic as well as inelastic electron atom scattering (neglecting 

spin dependent interactions during collision) in Chapter II.

The early theoretical studies on electron spin polarization by 

elastic scattering from unpolarized targets were carried out for 

high-energy scattering by Mott^5on the basis of the Dirac equation 

(assuming the scattering process as a deflection in the pure Coulomb 

field of the nucleus at relativistic electron energies ~ 1 0 0  Kev) .

Later Massey and Mohr^ 8 considered the polarization effects in electron 

atom scattering down to lower energies of 100 eV, taking into 

account the screening of the nuclear Coulomb field by the atomic 

electrons. Burke and Schey^ 7 applied density matrix fomulism for 

the spin polarization correlation of initial and final electrons and 

atoms for low energy elastic scattering on hydrogen. The extensive 

study of spin-orbit effects in polarized electrons scattering on 

unpolarized heavy atoms was reviewed by Kessler . 2 3  Farago also
2i+dealt with the subject of electron spin polarization in detail. 

Kleinpoppen1 8  carried out detailed calculations on spin polarized 

electrons colliding with spin polarized light alkalis, whereas Blum 

and Kleinpoppen1 9 dealt with spin analysis of electron atom collisions 

(elastic as well as inelastic) excluding spin orbit interaction 

during the collision in the more elegant framework of spin tensors.
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All the above theoretical attempts treat only the limiting cases 

where either exchange interaction (a consequence of Pauli's exclusion 

principle for identical particles) only or the spin orbit interaction 

only is taken into account during the collision. It is, however, 

well known that spin polarization effects are largest when either 

the scattering amplitude is small or is rapidly varying so enhancing 

the importance of the spin orbit interaction in the collision.2 8  

Afterwards Burke and Mitchell8 included both electron exchange and 

relativistic effects (spin orbit interaction) in their calculations 

which are very suitable in electron scattering by the heavier 

alkalis such as Cs • They, however, did not include electron- 

electron spin and electron-nuclear spin interactions in their theory. 

Although electron exchange plays a dominant role in changing the 

initial spin polarizations in such collisions at relatively low
29energies, yet there is hard experimental evidence from Wilmers (1972) 

to suggest that spin orbit interaction is also inportant. He found 

that when unpolarized electrons and unpolarized K atoms collide, the 

elastically scattered electrons are polarized, indicating that spin 

orbit interaction is also indispensible for a reliable theory on 

such processes.

When spin orbit interaction is included in the description of
gthe collision, Burke and Mitchell have shown that six independent 

scattering amplitudes are necessary to conpletely describe the 

polarized electron, polarized S-state spin-J target elastic collision 

at all energies. This obviously means that at least eleven 

independent measurements are necessary for a complete determination 

of the collision matrix at given energy and electron scattering 

direction (0 , <i> ) . They, however, had not indicated how these

amplitudes can be extracted experimentally. In this chapter we 

find a scheme for extracting these amplitudes from experiment.
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electrons on unpolarized atoms:



O ( 0 , 0 , 0 ft 0 , Of 0 )

i

55

0 0 ax|2 + la2!2 + la3!2 + I a412
♦ la5!2 * la6!2 (III.1-3)

o(Pa , Pe ) - o(P*, P*, P*; P®, P®, P®)—  —  n p n  n n n

is the differential cross-section with partially polarized atom and

partially polarized electron beams. The relevant components of

the polarization refer to the (ii, jd, g) frame as introduced above

The components of the depolarization-tensor D are given by:*

ax |2 + |a2 |2 + |a,|2 ♦ |.J2 - | aj2 - |a. '2* a.-D - . .  « ■ u. | . , .  i—c i ,00 nn 00 nn 1 1 1 1 2 1 1 31 1 41 1 5 1 '6

PP

a

ail2 - Ia2 |2 + Ia312 - |a412 + |a5 |2 - | a6 |2

(III.1-4)

(III.1-5)

a. _D * ia 
0 0 qq J 2 -  I a2 I 2 + la3|2 -  I a4 I 2 -  I a5 I 2 + I ag I 2 (XIX-1-6)

_D = I a _ I  +  I a _ I ”  -  I a .  00 pp 1 1 1 1 2 1 1 3

°0°D » I aqq J 2 ♦ I a 2 I 2 - I a31 2 -

I a. |2 + I a |2 - |a J 2 (III.1-7)

2 'a4 | 2 - |a5 | 2 + Ia& | 2 (III.1-8)

If the incident atom beam is partially polarized in the i

direction and incident electron beam is partially polarized in the

j direction then we denote the polarizations of the atoms and

electrons after collision, measured in k and 1  directions
ak e 1respectively, by and p '^j (i# j» k, 1 * n, p, q) . Note

that these symbols refer to unique experimental measurements. 

Remeirtoering that all tensor components containing just one subscript 

n are zero , 8 the remaining relations are:

W o “  = 2 tlal H a2 lcosYl2 + la3l1 a 4 1cosY 3 4 ] (III .1-9)

aOOP 'oO " 2  ̂ 1al 1 1 a3 1
|c o s y 1 3  + la2 l1 a 4 1 c o s y 2 4 J (III.1-10)

* The tensors C, D 
reference 8 .

and K have been explicitly defined in
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The components of the spin-correlation tensor C have the 

relations : *

aOOCnn = 2[lailla4|cosY14 + Ia2 N a3 Icos^23 “ Ia5N a6ICOSY56] <III*1"11)

G00CPP " 2 U a1lla5|cosY15 - |a4||a6 |cosy46]

aOOCqq * 2 M  ai I I a 6 I cos^i6 “ Ia4 I 1a5 ICOSY45] 

0 0 ~pq% cnn - 2 [|a3| |a5 |sinY3 5  - |a2 | | a6  | sinY26]

a0 0 Cqp " 2[|a2 ||a5 |sinY2 5  - | a 3 | | a6 | siny^]

(III.1-12)

(III.1-13) 

(III.1-14)

(III.1-15)

The remaining components of depolarization-tensor are:

”a00Dqp !" aooDM  “ 2[lail |a2|sinY12 + 1 a3 1la4 |sinY343 (III.1-16)

a00Dqp O00Dpq “ 2 [1al11 a3| sijriYia + 1 a2 1la4 lsinY241 (III.1-17)

The components of polarization transfer tensor K are given by:*

annKe » 00 nn a00Knn = 2 11ai11a4 lCOSY14 + 1a2Ü a3|cosY23 + 1a511a6 1cosY561 
(III.1-18)

a Ke »00 pp °00Kpp = 2 [1ai11a5 1 cosy15 + la4 l1|a6 1cosy46] (III.1-19)

a Ke - 00 qq °00Kqq = 2£lall 1a6 1cosy16 + 1¡a4 nla5 1cosY45] (III.1-20)

-° Ke 00 qp = a Ka = 2 [ 1 a0 00 pq 1 2 1la5 lsinY25 + l“3!I 1a6 1sinY36l (III.1-21)

-annKe 00 pq = a__Ka « 2(1 a 00 pq 1 2 IIa6 1sinY26 + 1*3 M a5 |sinY35] (III.1-22)

The matrix of eqs.(Ill.1-3) to (III.1-8) which are linear in

I a 12 (s * 1, 2, ..., 6 ) is singular ( |a | * 0) and is of rank 5 . s
2

It means that one of the \as \ remains arbitrary. After some

calculations we obtain

| a |2 = -§2. [ ( 1  - Da ) + (D* - D* )]1 5 1 4 nn pp qq —  [ ( 1  - De ) + (D® - D6 ) ]4 nn' pp qq
(III.1-23)

* The tensors C, D and K have been explicitly defined in reference 8



57

and

| a j 2 - 222. [ ( 1  _ D* ) - (D* - D* ) ]
1 6 4 nn pp qq

It turns out that

T 2- [(1 - D® > - <D® - D® >4 nn pp qq

(III.1-24)

a ^aD - D “ D - Dpp qq pp qq

I ax I 2 - I a 4 I 2
Qoo TDa + = foo a a

2 PP 2 qq pp

CToo rna -
^ p 1

= ^oo a _ a
2

ID — PP 2 qq qq

aoo r m  a. _ /na 4. na } l •
4 L V -L + \ D____“T u ) J  /pp qq nn nn

To solve eqs. (III.1-26), (III.1-27) and (III.1-28) for 

|ai|# |*2 |, |a3| and |a4 | we apply eqs.(Ill.1-9) to (III.1-22) 

to obtain

aJ |a5 lcosY4 5
0 0
4 (Kaqq - c ) qq (III.1-29)

a5 l c o s y 56 aoo
4 (Kann - C ) nn (III.1-30)

aJ lael COSY46
aoo
4 (KaPP - C ) PP

(III.1-31)

aJ lael c°s y 1 6
aoo
4 (Kaqq + CW

(III.1-32)

¡a2 llaell s i n Y 26

II 1 
Q o o (Kaqp - V

(III.1-33)

a3 ̂ la 6 |sinY3 6
“aoo

4 ■ (K* + C )pq qp (III.1-34)

It may be useful to mention the following relations

lall la5 1c°SY1 5
aoo
4 (KaPP + c ) pp (III.1-35)

la3lla5 |sinY3 5
qoo
4 (Kaqp ♦ c > pq (III.1-36)

la2 l1*5 1sinY2 5
aoo
4 (cqp - Ka )pq (III.1-37)
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Division of (III.1-31) by (III. 1-29) results in

Y45 ~ tan
r f aK - C —

PP PP cosecy_-30COt 56 " Ka - C
L qq qqj _

(III.1-45)

Substituting (III.1-45) in (III.1-29) we obtain

00
4

^Ka - C )2 cosec2 y.c
_ 2 2 ____ 2 2 ________ LlL.
(1 - Da ) + (Da - Da ) nn pp qq

(III.1-46)

2 2 3|a1 | , | a2 1 and | a^ | are determined by substituting (III. 1-46)

in eqs. (III.1-26) to (III.1-28). • The quantum mechanical phases

of the conplex functions as (s 1 , ., 6 ) relative to y.

(i.e. 16' Y26' Y36 , y Ae.» Ycc) are determined by eqs. (Ill .1-30)46 56
to (III.1-36). In this way the collision matrix in the form (III.1-1)

is completely determined.

To trams form the collision matrix into other suitable forms 

(eqs. (9) , (11) and (20 of Burke and Mitchell8) we are going to 

apply the following set of relations (Eqs. (10) and (18) of Burke and

Mitchell8)

+ i f 2 **" ¿9 + + + + * al

Of 1 + 0f 2 + 0g + 2 h hl  + 272 h2 ' h A k + 0 m -

0fl + 0 f 2 + 0 9  + 272 hl + 272 hl + 75 k + 0m ’ 

0 f1  + ¿f2 - ¿g + 0h 1  + 0h 2 + 0 k - Jm = a4

1  V "  * 2 - ¿9 + 0hx + 0h2 + 0 k +

1  ~43e£9- ^  f 2 ' + 0hl + 0 h 2 + 0k +

f^ — f2 + 0 g + /2 cot0h^ - /2 cot0 h2 + 0k - m =

a2

a3

1  - secQ 
4

1 + secQ 
4

0

m

m

a

a

5

6

where 0 is the scattering amgle.
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and we obtain

a ( E .  0 ) - a(Pa , 0, 0) P®, 0, 0) - a_„[l + Pa P'“  + p® p 1®" + pa Pe C ] nn n n 0 0 n 0 0 n 0 0 n n nn

(III.2-la)

and P'qq are polarizations of the recoiled atom and the 

scattered electron, respectively, which are necessarily perpendicular 

to the scattering plane when both incident beams are unpolarized.

These symbols are consistent with the notation already introduced in 

section (III.l) and stand for a unique experimental measurement.

From (III.2-la)

nn

/ / \ ,, „a _, an . _e _ ,en,(a /a..) - (1 + P P' _ + P P' _) nn 0 0 _____ n 0 0 n 0 0 '
«a P P n n

(III.2-la)

Similarly

or

a « a (0, P , 0, 0, P , 0) PP P P

c = (aDp/aoo) - 1
PP “ a e-----P P P P

(III.2-lb)

qq (0, o, P®; o, o, pj) = aQ0(i + p ® p * Cqq)

or
• - (°qq/°oo) ' 1■qq pa Pe q q

(1 1 1 .2 -lc)

a - a(0, P®, 0? 0, 0, P®) = a n (1 + P® P® C ) pq P q 00 p q pq
or

. 'v / v  - 1pq p « pP p q
(III.2-Id)

a = a (0, 0, P® s 0, P®, 0) - 0 ^ ( 1  + P® P® C ) qp q p 00 q P qp
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or

qp ^qp^OO* ~ 1  

P 3  P6q p
(III.2-le)

SlnCe Cnp " Cpn = Cnq = Cqn = 0 ' we also *et from ( m . 2 - 1 )

nlan (anp//CT00) ~ 1 _ *gnq^gOO* “ 1 *an0^C00* “ 1
00 a _a * a , (III .2-lf)

a = a np nq nO' a0p " a0q a 0 0 '

p.en (apn/a0 0 ) ~ 1  (qgn/a0 0 ) “ 1  (aQn/gQ0 )
0 0 e e e

- 1

(III .2-lg)

(III.2-2)

and

a = a = , a ^ = a ~pn qn On pO qO 00 (III.2-2a)

Substituting the values of C , C , C , C and C innn pp qq pq qp
(III.2-1) we obtain

a(Pa, Pe) = (a . + a + a + a  + a ) - 4a „  (III.2-3)—  —  nn pp qq pq qp 0 0

Relations (III.2-lg) and (III .2—2a) can also be obtained from 

(III.2-3) by mathematical induction.

The polarization of the recoiled atoms after unpolarized 

electrons collide with polarized atoms is given in terms of the 

depolarization tensor
.aD
x0

a ID
a _. an,(P'“" + I p - D ,)/(l + P P ’™)' 0 0  jn y i ij n 0 0

(III.2-4)

x being the spin polarization direction of the incident atoms.

We get

P -“1 = nO
an . a a a _. an.(p'r: + p d ) / d  + p_ p' ) ? p
0 0  n nn n 0 0 '

» aP
nO

» aq
nO0 (III .2-4a)
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or

nn
ci + pa p'“ ) p ,aj* - p*“ * n 00 nO 00

- v- • * . • • «.
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•an t>'a£> - P a Da , P-aqP ' ̂  = P 1 Ppo 0 0 ' pO P pp
„a _a . P D pO P pq (III.2-4b)

Da * P .a> aPP pO' p

p.an = p ,an ap 
qO 00 ' qO

Da . P ’a> aqp qO q

Da = p ■a> apq p0' p

P D , p - 2q qp qO

Da = p . aq ̂ a«/Pqq qO q

(III.2-4C)

The relevant relations for the polarization of the scattered

electrons after polarized electrons collide with unpolarized atoms
@and all components of the depolarization tensor are obtained

by replacing the sleperscript a ■+■ e and interchanging the 

subscripts n, p, q with the subscript 0 throughout the family 

of eqs. (III.2-4).

The polarization of the scattered electrons after unpolarized 

electrons collide with the polarized atoms is given in terms of the 

polarization transfer tensor ass

.ej
xO (P ,en0 0 ~ jn6in + l P i K!i>/<1 + P n O (III.2-5)

we ob tain
• en
nO

,en(P’̂ " + Pa K® )/(l + Pa P'??) ; P ,_" = 0 ' 00 n nn n 00' nO
,ep P ,e^ (III.2-5a) no
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__e
or

(1 + Pa P,an)P,en - P .en_______n OCT 00 00IV. —nn Pa
n

pO
, p.en ep s 

0 0 ' pO = P0  P K® , P-e^ pp pO = Pa
P K®pq (III.2-5b)

or

K® = PP P ,e^/Pa and pO' p K®pq = P'e> apO p

p.en
qo = P * 011 . P*0? -00 ' qO = Pa

q K6 ; P-6* qp q0
= Paq K®qq (III.2-5c)

or

KS *qp p,®?/Pa and qo q Keqq = p - : > :  q0 q

A corresponding set of relations is obtained for the polariza

tion of the recoiled atoms when polarized electrons collide with 

unpolarized atoms, if we interchange e •*-> a in superscripts and 

n, p, q with 0 in the subscripts throughout the family of eqs. 

(III.2—5) • Since and * - Ka^ for i ^ j we

obtain

( 1  + Pn P 'oS> On
an
00 ( 1  + Pn O ,en

nO - P en
00

(III.2-6)

ap
0£

• eP .aq
0 q
e

.eq
J 2 2 . ._a

P'aq
— PP.

eq

(III.2-7)
P

If we scrutinize eqs. (III.2-lg), (III.2-2a), (III.2-4a),

(III .2—4b) , (III.2-4c) and (III.2-5a), (III.2-5b), (III.2-5c) we 

find that the components of the spin polarization of the colliding 

partners (p, q) components) in the scattering plane do not affect 

those perpendicular (n components) in a collision involving Coulomb 

and spin orbit interactions. Thi3  is the physical interpretation



which corresponds to the vanishing components of the spin tensors

involving one subscript n ( C  * C = C = C = D » D -np pn nq qn np nq
D_= K = K___= K _ * 0) . If experimental evidence contradictsqn np nq qn *

this, then interactions other than Coulomb and spin orbit must be 

taken into account. For example if oqs. (III.2-lf) and (III.2-2) 

do not fit to experimental test, then we must look for some inter

action hitherto not included in the theoretical framework.

Finally from the formulism in section (III.l) we see that 

for complete determination of the complex amplitudes

ag (s * 1 , 2 , ..., 6 ) , one possible set of tensor components is
a a a e e  a a aC , C , C , C , C  ; D , D , D ? D . D ; K , K , K , nn pp qq pq qp nn pp qq pp qq nn pp qq

a aK , K which respectively correspond to the set of experimentalpq qp
me as uremen ts

ann / PP qq pq qp .an _,ap p.aq . p . eP p.eqn0' po' q0 ' Op' 0q
.an p.aP p.aq p.aq p.aPOn' P oP ' P 0q' P Op' 0q

p* an On *

and the measurements

00
P ,en

00 *

These are eighteen measurements altogether at the same energy and 

scattering angle!! The minimum of eleven is exceeded due to 

conplex interdependence of some of them.

III. 3 OBSERVABLE CONSEQUENCES

The observable aspects of the formulism can be easily deduced 

from relations which hold amongst spin tensors and are tabulated

belew for convenience:
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The observable effects of - K*± and K?^ - - K*± (i ft j) are

given by (III.2-6) and (III.2-7).

From observable relations (III.3-3), (III.3-6) and (III.3-4), 

(III.3-7) we deduce respectively

p . a p
nn

*  P « a<*  
nn -  p - ep  

nn
.  P . « i

nn -  0 and

an « . a n « . a n « . an
•“  p

,enP ' =  P ' =  P ' *  P ' *  p
PP q q pq qp 00 PP

p .en = p.en aplenqq pq qp
which again substantiates our previous claim that spin orbit inter

action does not cause coupling of the spin states in the scattering 

plane with those normal to the scattering plane during elastic 

collision. We conclude that spin states in the scattering plane 

and normal to the scattering plane interact independently with the 

Coulomb and exchange interactions in elastic electron-atom scattering.

For the convenience of the experimentalist, taking ZX as 

the scattering plane (Z being the incident electron beam direction 

pQ and for elastic scattering |^| = we 9 et the following

transformations connecting the n, p, q frame with the XYZ frame

0 0P = sin —  P + cos tt V p 2 x 2 z

0 0P = cos —  P + sin TT P q 2 x 2 z

P - p (III.3-8)n y

and the inverse tr ans formations

£ _0P = sin P - cos PX 2 P 2 <
P = cos 0. P + sin 0. Pz 2 P 2 «

p = py n
(III.3-8 a)
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III.4 IMMEDIATE IMPLICATIONS

Although collision experiments with spin polarized electron 

and atom beams are quite expensive, cumbersome and challenging, 

yet impressive progress3 2 has been and is being reported in recent 

years in comparatively simple laboratory situations. For exairple in 

Bederson experimental arrangement the following measurements

can be suggested.

Since po x P 1  

po x P 1
6 -*• - 6 means

„a _a a a _e _e A eP » P .n - p ; P = P .n - P n —  n n —  n

we get from (III.2-la)

a (+ 0 ) = « n [l + Pa + Pe P'®« + P a P® C ]nn —  0 0 1 —  n 0 0 —  n 0 0 n n nn (III.2-la)

if we define

0 (0) = a (0) + a (-6 ) and A (0)rnn nn nn nn a (0) - a „(-0) nn nn

then

nn
^ n n /a0 0 > - 1

„a e P P n n
(III.2-la)

and

Ann(9) = 2 (W Pn P 'o“  + Pn P ’oS> (III.4-1)

we deduce that

An0 (6) 2 o 0 0 Pn A0 n<9>
_ _e _.en 
2<70 0 Pn P 0 0

(III.4-la)

Accounting for the change of polarization of the incident 

atomic beam in the field-free region of the interaction region due 

to hyperfine-coupling we get

An0 <9> “ 2 ° 0 0  Pn P ' ^ / ( 2 1  + X)
(III.4-2)
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To verify (III.4-2) the following experiments are necessary:

(a) Differential cross section when both incident beams

are unpolarized and the scattered atomic polarization P'^J 

perpendicular to the scattering plane caused by spin orbit inter

action, in Bederson's arrangement.

(b) Collide atomic beam partially polarized in the n

direction with unpolarized electronic beam (upward normal to the

scattering plane) and measure left-right assymetry A .(9) .no

The following observable relation

A^ (6 ) = 2a^_ Pe P ,enOn 0 0 n 0 0

can also be verified if in step (a) p 'qo measure<* instead of

P * ^  and in step (b) starting v/ith unpolarized atoms and electrons 

polarized normal to the scattering plane and by measuring the 

left-right asymmetry AQn (0) after scattering.



CHAPTER IV

THEORY OF MEASUREMENT FOR EIECTRON CAPTURE ON ATOMIC 

TARGETS WITH BARE NUCIEI AS PROJECTIIES

Electron capture has been one of the most widely studied atomic 

collision processes. It either controls or plays an important part 

in the evolution of many physical processes encountered in astro

physics , atmosphere physics, laser physics and plasma physics.

The investigations of the capture into excited states is also 

important in connection with the problem of impurities in thermo

nuclear plasma. Electron capture, however, has proved to be one 

of the most difficult collision processes to predict reliably.

The electron capture process under investigation is denoted by 

the following reaction

and A is a neutral atomic target in the ground state. After

excited state and emits photons which may *be recorded in coincidence

P+Z (IV. 1)

where P+Z is a fully stripped projectile (polarized or unpolarized)

capturing an electron from A, P (Z-D* in general is in some

with the hydrogenlike atom P (Z-l) We will express the state

multipoles characterizing the excited state P in terms of

Stokes parameters. It is reasonable to distinguish the two

situations, namely

(A) Collision described in LS coupling

(B) Collision described in jj-coupling.

as for example indicated by Jaecks and Macek3 (1971) .
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In section (IV. 4) we illustrate our formulism on spin polarized 

protons capturing an electron from unpolarized atomic targets.

IV. 1A DESCRIPTION OF COLLISION IN LS COUPLING

Hie process in consideration is denoted in terms of the relevant 

variables as [c stands for the continuous variables of A+]

p+Z<Imr  V  + A(n0Lo V  soms0) ■* p+<Z"1)* (niL iM is ims:L? ImiPi)
+ A (nLMsm ; c) s (IV. 1-1) A

where the projectile captures the electron from the |n LQM , s0ms >so
state to the In^L^M^, s 1 ms > state and pQ , p 1  are the sharply

defined momenta of the projectile before and after the collision. 

Since hyperfine structure interaction is negligibly small as compared 

to fine structure interaction and Coulomb interaction in almost all 

practical situations, we suppress dependence of the collision on 

nuclear spin, however, it is included in the decay of the excited 

state P '

Hie density matrix describing the state of the (P*2”1^* + A+)

system just after the collision is given by the relation,

<n„L,M' . : s,m' , nLM'sm' clp(O) In.L.M. s snm , nLMsm c> (Iv.l-2)Al l l l s ^  s '  ' 1 1 1  l s
in the 'collision-frame' (taking pQ as quantization axis) . But

p(0) « Tp (i) T+ , (IV. 1-3) A

T being the relevant transition operator which takes the initial

system to the final system in the process (IV. 1-1) . Hie density

matrix p(i) describes the (P+Z + A) system before the collision.

If we apply eq. (IV. 1-3) A in eq. (IV. 1-2) A and then make use of the

completeness relation
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n0 L0 M0 ms
l  lnoLoMomsft><noLoMoms I - 1“ 0 0

(IV. 1-4) A

in the resulting expression twice, we obtain 

<nlLlM 'l: Slm 's ' nLM'sm,gc |p(0 ) Slmg , nLMsmsc>

n . M 1 m nL« ' ^ ' 3 C|T|n0 L0 M' m- >n J-. M  M ’ . m m  1 o° 0 0 0 ' s0 s0

x m* p(i) n.L_M.m >
0 0  0 sq 0 0  0 sQ

<n0 L0 M0 ms0 lT lnlLlMl : slmSl' nLMsnlsc>

n T M M. ^ . a(niLlM V  Sim 'si I“ ,S" ,3°' “o W s J
W o ” 0 ' msom s0 1  0

x <n0 L0M,0 m 'so |p(i) 'n0 L0 M0 ms0>

x a(n.L.M. s s ,m nLMsm C; n L M m  )*
1 1 1  l s i s 0 0 0  Sq

where

<n0 L0 M,0 m 's 'P(i)ln0 L0 M0 ”s > = 
0 0

<5 (M'0 , , mg )
, = (2 srt + 1) (2LQ + 1)

since the atomic target is initially unpolarized.

To find the reduced density matrix describing the state of 

p+(Z-l) alone, we sum over the undetected final spins and unobserved 

discrete states of A+ and integrate over continous variables of A

to obtain

<n^ » . , 1, I _ ¡A
0 0 0 Sq S^

nLMm

a(nlLlM 'l! s 1 nginLMmsC; n ^ M ^ )  

x a(nlLlM i: Slms nUtmsC; n ^ M ^ )  *



We new suppress dependence on all the fixed variables and write for 

the sake of convenience

<n1 L 1 M ’1 |pL (0) I n ^ M ^  = <a(M'x) a(Mx) *> (IV.1-5)A

where the sumbol <...> has been used to denote averages over initial 

internal states, sum over final unobserved discrete states and integra

tion over continuous variables. The invariance of the interaction

dynamics under reflection in the scattering plane (defined by pQ and 

p^) requires that3 3

M V Mi<a(M'1 )a(M1)*> - (-1) x X<a(-M*1 )a(-M1)*>

we normalize according to the relation

a(Mx) = <|a(M1) |2>

where a(M^) is the relevant differential cross section for magnetic 

sublevel •

IV. IB DESCRIPTION OF COLLISION IN JJ COUPLING

In this case the process under investigation looks like

P o l i t y ,  p Q) +  A ( n 0L 0J 0M0 ) -  P ( Z - 1 )  * ( n ^ I y J ^ ;  I m ^ )  +  A+ (n L JM ? C)

(IV. 1-1) B

Proceeding exactly as in subsection A, we obtain the following reduced 

density matrix in this case

<n L l J l M ,l l p jO )l n i I , i J i Mi > =  /  l  a ( n 1L 1J 1l l , 1 « n L JM C , n ^ J ^ )

c noLoJoMo 0
nI*JM

x a i n ^ J ^ *  nLJMC, n ^ J ^ )  *

<a(M'1 )a(M1)*> , WQ * 2JQ + 1

where the symbol <...> has the same meaning as defined earlier. 

Once again it is trivial to find that
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<T (1) AO
+- O , o(0) + 2 a(l) 

/3

<T(1) Ii* - i / 2 lm<a( 0 (a (1 )*>

<T( 1 ) ia(l) - a(0 ) >

<T( 1)> V - - 4
Re<a(0 ) a (1 )*>

<T( 1 )
L > * - -jjr <a(l) a(- 1 )*>

For case B and for capture into a Pi state, the relevant state
2

multipoles are

<T(¿)q0 > - ¿2° (~ ^  - / 2  a(J), *.* o(- = aiM^

<T(^)11> = " <a(^)a(" J)*5, (IV.2-3)

Similarly for capture into a p 3 / 2 state (Case B) the set of state 

multipoles is fouid to be

<T(3/2) q 0> - a(3/2) + o(J)

<T(3/2)^1> = - / j  <a( J) a(- J) *>

<T(3/2) 2 0 > “ o(3/2) - /2a (J)

<T(3/2) 2 1>= "/2 Pe<a( 3/2) a( J) *>

<T(3/2) 2 2 > = 1/2 ®e<a(3/2)a(- j) *>

<T(3/2)^> = /j<a(i)a(- i )  *>

<T(3/2) 2 2 > = 1/2 i lm<a(3/2)a(- J )  *>

<T(3/2) 2 3 > - ~ <a(3/2)a(- 3/2)*> (IV.2-4)

When P^Z ^  is not registered in coincidence with the photons 

emitted by it, the relevant state multipoles are obtained by 

integration over the solid angle dftp subtended by the particle 

detector on the interaction region, i.e.

<t (j >+ > = / dnp<T(j)^n> (IV.2-5)
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IV.3 EFFECT OF FINE STRUCTURE AND HYPERFINE STRUCTURE 
INTERACTIONS ON THE EXCITED ENSEMBLE p(Z-l)*

When the collision is describable in IS coupling, the time

evolution of the excited atomic ensemble under the influence of

fine structure and hyperfine structure interactions has already been

discussed in detail in subsection (II.3)B. The time evolved

reduced density matrix p (t) (t = 0 is the instant just after the
Li

collision and the instant 't' is the time when the photon is emitted) 

has been explicitly described in terms of the state multipoles 

(characterizing the relevant excited atomic ensemble) and the pertur

bation coefficients. In particular eq. (II.3-19b) for the

perturbation coefficient is applicable when the target atom A is
+Zinitially unpolarized whereas the projectile P is polarized 

(e.g. spin polarized protons etc.).

The LS coupling is violated in the excitation in two somewhat

different situations3

1. P^Z ^  violates LS coupling

The effect of spin orbit coupling during the collision time is

appreciable and causes splitting of the fine structure states during

the excitation. In other words the collision time t can noc
longer be considered extremely short conpared to the characteristic

times (*.* t ~ t , ) of the excited state, as was assumed in 
c JiJ i

Chapter II. The scattering anplitudes obviously now refer to

different fine structure states. As a result of this the relevant

state multipoles (being functions of the scattering amplitudes) also

characterize different fine structure states. Even if one does not

resolve different fine structure levels, the breakdown of LS coupling

inplies that the splittings are large compared to the level widths

(T «  x see section (II.3)B, Case (b)) . The oscillatory terms
J’ iJi



for J* ̂  ^ are then neglected in the calculations for the 

perturbation coefficient. The radiation from different fine 

structure levels then adds incoherently. Therefore, only the 

interference of radiation from different hyper fine levels has to be 

considered. In view of these considerations, the density matrix 

describing the state of the excited ensemble of interest just after 

the collision is given by

p(0) = p_ (0) ® pT (0) (IV.3-1)
Ji 1

2. The Ion A* violates LS Coupling

When the target atom A or any atom formed in the collision 

violates the LS coupling scheme (even though the radiating atom 

P^Z ^  obeys them) , the total electronic spin of the system (target 

+ projectile) is no longer a good quantum number. For instance the 

Ly-a radiation emitted by electron capture of protons on heavy atoms 

originates from the 2P state of the hydrogen atom, which obeys the 

LS Coupling scheme, whereas the states of the heavy target and the 

resulting heavy ion do not. One then has three different physical 

situations as follows:

(a) The relevant transition operator T may depend explicitly on 

the spin.

(b) The initial states (describing the internal state of both the 

collision partners before collision) and the final states 

(describing the internal state of the scattered ion A+ ) 

may not obey IS Coupling scheme.

(c) The state vectors of the above mentioned states may approximately 

obey LS Coupling, but some of the substates of their multiplets 

may not be energetically accessible.
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In all the above three cases the reduced density matrix

elements <a( J^M' a( J^M^) *> can be related to those in the

(L.M s.m ) representation (i.e. <a(L.M'.) a(L M ) *> ) via a i l l s ̂ 1 1 1 1

Clebsch-Gordon transformation. As the spin quantum number is no

longer a good quantum number, the scattering amplitudes referring

to different m states can interfere. As a result of this 
si

interference, the number of independent parameters are not reduced

on transformation to the L.M.s.m representation. It is,l I J.
therefore, reasonable to express amplitudes for the radiating atom 

in J 2.M 1 ^Presentation. The radiative decay, however, does not 

change the spins of the excited atom (electronic as well as nuclear 

spin) so it is convenient to evaluate the dipole matrix element in 

the IS representation.

Keeping in view the above mentioned arguments, we find the

effect of fine structure and hyperfine structure on the initial 
(2 - 1 ) *excited ensemble P in terms of the perturbation coefficients

for different physical situations of interest:

(i) t _, _ ~ t : (see section II.3)B)
J iJi

The scattering amplitudes referring to different fine structure 

levels interfere since the splittings are of the same order as the 

level width. The reduced density matrix describing the state of 

the excited ensemble P^Z ^  just after the collision is then 

given by the relation

p(0) - pT, — (0) 0 p_(0) (IV.3-2)
J iJi 1

Assuming that the hyperfine structure splittings are small compared

to the relevant fine structure splittings (t _ _ >>x_, J  i.e.
JiF iFi J iJ

JiF 'iFi
> > T then the excited state under consideration decays
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before the hyperfine structure interaction has any appreciable effect. 

It is, therefore, unnecessary to couple pj(0) in eq.(IV.3-2).

The expansion of p (0 ) in terms of a complete set: of spherical 

tensor operators in the 'collision frame' looks like

P(0) - PJf , (0) - l  Q q , <iv-3-3)
1 1 1 1 1 1

Hie time evolution of an unperturbed reduced density matrix under the

influence of fine structure and hyperfine interactions is discussed

in section (II.3)B.in great detail. In the present situation the

time evolved density matrix p_, T (t) (t being the time of photon
J 1 J 1

emission) is given by the relation

• J ( «  = «
1 1  KQ KQ

l  <T(J’.J , )1  n ^(tOTCJ'J^v- U(t)+ (IV.3-4)

\ \  1 1 1 1

where U(t) is the time evolution operator corresponding to the 

total Hamiltonian H • HQ + V(f) . Applying eq. (1.5-2) we obtain,

<T( JjJ' i» t)JQ > =  triPj.^it) t)KQ}

= i < * » ' ^ 1 ; Q >
k j 1 q j 1  ji ji

tr{U(t)T(J,1J1)K Q U(t)+ TIJ'jJj, t)RQ} 
J 1  J 1

l  <T<J,1 J1) >G(J',J, » t)V (IV. 3-5)
QJ  

J 1  J 1
J 1  J 1

Obvious ly
Q, Q

t)K K = tr{U(t)T(J1 J'1)K c ü(t) T(J,1 J 1» t)KQ> (IV.3-6)
J 1  J 1
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Applying eq.(II.3-16) and standard formulae of angular momentum 

theory for matrix elements of spherical tensor operators and 

3j-symbols, the perturbation coefficient becomes

V
J 1

-Yt
l COS 01 t 6 (K , K) 6 (Q , Q)

J 1 J 1  J 1  J 1
(IV.3-7)

where we assume that yJ* Y and u> , = (E - E )/fi .
J 1 J 1  J 1  J 1

(ii)

Contrary to case (i) , the scattering amplitudes referring to

different fine structure levels do not interfere since the splittings

E , - E are large compared to the level width y . Iherefore,
J i J i

the reduced density matrix describing the state of the excited 
(2 - 1 ) *ensemble P just after the collision is given by eq.(IV.3-l) .

Assuming that the nuclear spin of the excited ensemble P^Z ^  is 

polarized along the direction ns , we ejq>and p(0 ) in terms of a 

complete set of spherical tensor operators in the 'spin polarization 

frame* as applied in section (II. 3) B, i.e.

P(0)
KIKJ 

1  Ji Ji
. 8  T,I,v *  TlJi V
J 1 J 1  1  J 1 J 1

® T(I)
KI°

(IV.3-8)

Following a similar procedure as in case (i) , the reduced density 

matrix describing the state of the electronic system alone at time 

t of the photon emission (remembering that the emission of light 

depends only on the electronic states at the time of emission) is 

given by the relation

Pj (t) = 2T ^ T  l  <T(J1 J K X ® ^  T(J1 } fc)K X ® A  (IV-3"9)
1
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and without going into the details of the procedure, we obtain 

« T ^ j  t)^> - tr{pj (t) T( t)Kx ® 1}

l <T(Jj>* v ><T<I’k
V 'l K, Xj 

J 1  J 1

® T(I)K 0U(t) T <J !> ^ K X  ® “ }
1  *j X

l  <T(J )* >G(J ; t) 1 6(x. XT ) ( IV .3-10)
rr v 1 K T X T 1 K T *KJ 1 XJ 1  J 1  J 1  J 1  1

where
X t XT 
Ji iG( J .  f t) —
Ji KiF 'iFi

(J1 +I+F1 )+KI+KJ +K+Xj
l (-1 ) 1  1  (2 F 1. + 1 ) (2 F + 1 )

K K KK K K F' F. K I J,
1 1  1 1

1 . •■I J, F'o X
u 1 X Ji Ji I 1  1

1 J
1 I J. F

J 1  1  J

{ (2 K + 1 ) (2 K + 1 ) (2K + 1 ) }
1  J 1

<t (i ) k i o>

x exp{- i (E - E T _ >t/ft - y t} (IV. 3—11)
J 1 F 1  J 1 F 1  J 1

If t _ _, _ ~ t , the effect of hyper fine structure is definitely 
JiF iFi

included and the time dependent terms (F'^ /  F^) in eq. (IV. 3-11)

do not average out. For some metastable states it may happen

that t <<t , then the oscillatory terms (F*. ? F,) average
J 1 F 1 F 1  1  1  

out during the comparatively long life time and are negligible. In

a physical situation where one still has t _ >>t , then the
J 1 F 1 F 1

effect of hyperfine structure interaction can be neglected by putting

ii

I 0 in eq. (IV.3-11) .
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I V .  4 RADIATIVE DECAY OF THE EXCITED STATE p (Z - 1 ) *

The radiative decay of any excited atomic enseirble is described 

in section (II. 3) C in great detail. The formulism therein is 

applicable in general (subject to the assumptions enumerated there) 

and is independent of the excitation mechanism. The relevant Stokes 

parameters can be obtained by substituting the appropriate pertur

bation coefficient

in eq. (II. 3-30b) and then comparing with eq. (1.3-7) when the collision 

is described in IS coupling. In the case that IS coupling is

where for the sake of generalization we substitute p(0 ) by

p , (t) in eq. (II. 3-2 3) and go through a manipulation identical
J iJi
to that laid out in section (II. 3) C. When the spins of the excited 

ensemble are polarized along the direction pQ or are unpolarized 

the above equation transforms into 'the collision frame' in the form:

violated in the collision, eq.(II.3-29) is our starting point. Then 

if spins of P^Z ^  are polarized in the direction ng , the 

density matrix p"* (n^; t)^,^ is given by the relation

p" (n , t).,. - c(oi) l tr{r_.,T(J' J ;
» A A V-rrv A A

(II. 3-29 a)

p- (n , t) = c (<d) l tr{r T(J’ J ; 
y A A VrrO A

(IV.4-1)

When T

to get
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P' (V  fc)x'x “ c(u) I tr{r T(J* J , t) r_J}*
K Q q X 1 1  KJ.q XJ J 1

Qj Qj
q _ « k A  1

J 1  J 1

VA A % 1x D(n ■+• p.) _Y 0 qQ_

J 1  J 1

(IV. 4-7a)

The relevant perturbation coefficient is found in eq.(IV.3-7) .

In the case TJt j  <<t , we substitute <T(J^; t)^x>(J* 1  * J^) 

from eq. (IV. 3-10) into eq. (II. 3-29a) and the relevant perturbation 

coefficient from eq. (IV. 3-11) to obtain

P'(V  tJX-X “ c(“> l trir^.TCJ'^;Kq
KJ

J 1  J 1

KJ XJ Ji Ji

XT X-r 
J 1  1

G(J1; « K ,  K
.A A % (K) D(n -► n )

Y s qXj
(IV.4-2)

The state multipole <T(J.)I > is transformed from the 'spin
1  KJ *J

polarization frame' to the 'photon detector frame' by the

trans formation

<T(J1 »K y >
JlXjl QJ

(KJ >

l  > D ( " s ^ 0 > x,Q, (IV-4"3)
J 1  J 1 J 1  J 1

to give

P* < V  fc) X' X = C(U>) = % tr{r-XlT{J,1J1;i KrrOKqQj
K J xJ (Kj )

1  * <t (j i)k j q j >d (-s - ^ o )Xj q j 
J 1  J 1  J 1  J 1

x G(J1? t) \  1  D(ny - 
J 1

(IV. 4-2 a)
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When the atomic and the nuclear spins are unpolarized or 

polarized along the direction pQ we get the simplified form

P' (V  fc)X'X * c(ü,) l  t r i r -X -T ( J , l J l»  « K q ' - X 1*Kq
K, Q,

1  1  QJ QJ
Q > G(J 1 J « r  * 1  

J 1  J 1  J 1

x D (5 * $ „ > < »
y 0 qQj

(IV. 3-2b)

The relevant Stokes parameters are obtained by comparing 

P *  (n^? t)x,x with eq. (1.3-7) .

IV.5 DESCRIPTION OF THE H(2p)* EXCITED STATE FORMED BY THE
ELECTRON CAPTURE OF POLARIZED PROTONS ON ATOMIC TARGETS 
IN TERMS OF STCKES PARAMETERS____________________________

In this case the process (IV.1-1) looks like

H+ + A H(2p) * + A+

the target A is assumed to have unpolarized spins« Now the

relevant perturbation coefficients are obtained if one substitutes

I « J » s., K = 0  and L_ = 1 in eqs. (II. 3-17) and (II. 3-19b)
1  S 1

for the case in sub-section (IV. 1) A and I = £ and j1  « 5 or 3/2 

in eqs. (IV. 3-7) and (IV. 3-19) for the case (IV.l)B. Assuming 

that the resolution time of the photon detector is large compared 

to the life time of the excited H(2p)* state t r > > t  , we can 

integrate the exponential factor in the perturbation coefficients 

from t = 0 -► 00 with negligible error . 1 5  (The details of other 

experimental situations can be found in Macek and Jaecks.) The

Stokes parameters in different cases then turn out to be



(1) Longitudinal proton-polarization

I - c(u)) |<0| |r| |l>|2([-̂ rj G0<T(1)J0> + G2(¿/f(3 cos20y - 1><T<1)J0>

- sin26^ cojf^ <T(1 >2 1> + sin2©^ c os2<J>y <T( 1) 22>^]

- ¿  sin20^ s i n ^  Gz (l) ̂  i<T(l) Jx>)

In2 - c (ü)) | <0 | | r | | 1> | 2 ( [- /2 sinQ^ s i n ^  G x i<T( 1) ̂ > ]

+ coseYic2 (i)“  <T(Doo> + g 2 (1 )“ <t (1 )¡0>

- / 2  sin0^ cos(py g2 (D  2  J <T(1 )2 1 >) 

n2 being the circular polarization.

The two linear polarizations are given by 

In3 = - 3  c(0i) I <0 I |r| |x>|2 (Gz [ / J  sin2 9 Y<T(l)2 0> + sin20Y c o s <|>y <T< 1) *j> 

2 ++ (1 + cos 0 )cos2$ <T(1) >] + sin20 sin<|>
Y Y Y Y

* ®*(D 12 i<T(l)^1>)

In i = -j c(u» |<o||r||l>|2 (2G2 [sin0Y sin<f>Y<T( 1) 21> + cosO^ sin2<|>Y<T( 1) 22>

- 2 sin0 c o s G  (I)?’* i<T(l)*>) (IV.5-1)
Y Y z  12 11

The terms which arise when protons are unpolarized have been inserted

(A): Collision in LS Coupling:

in the square brackets.
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(2) Transverse proton-polarization in the scattering plane:
2 polarization i —  n  +

I * c(o>) I <0 I |ir| 11> I ([independent ] + -r G (l)^ sin20 sin<J> i<T(l)__>)J X 12 Y Y L±

2  polarization
In« » - ■=■ c(o>) < | 0 I \r\ 1 1 > I ([independent ] - sin2 0  sin<f>

J terms Y Y

x G (1) 1 1  i<T( 1) + >)X 1 ' 12 1 7 11 7

2 polarization —. 1 1  f
lr\1 = —  c(o)) I <0 I I r| 11> I ([independent ]) + cos0^ c o s ^ G ^  1) 1 2  i<T(l)11>)

terms
(IV.5-2)

(3) Transverse proton polarization normal to the 
scattering plane:

polarization ^ 2

I = c (ü>) I <01 |r| 11> I ([independent ) - -j tj (3 sin 0^ - 1)
terms

x V i’S i<T(i)n»
/ * o polarization _ qq

In- * -f. c(a>) I <0 I |r| 11> I ([independent ] + sin0 {G (1) 0 1 <T( D  Q0>
2 3 terms y

- V 1>°1(Í<T(1)¡0> + / f  <T(1)22>}
polarization , 2 - 0 0  t

In = - c(o>) I <0 I I r| 11> I ( [independent ] + /3 cos 0 G (1) 1 2  i<T(l)11>)
3 3 terms Y y

polarization 2 -  00 t
Inn - —  c (üí) I <0 I |r| 11> I ( [independent ] - /3 cos 0 G (1) 1 2  i<T(l>11>)

1  3 terms T

(IV.5-3)
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When the scattered H atom is not detected in coincidence with 

the photons, the physical system of interest has axial symmetry5

2  4  C(a,) l < 0 l l i l l 1 > |2 {G z ( 1 ) o î < T ( 1 ) Î o > + Gz ( 1 ) 21<'t ( 1 ) i o > } c °s9Y

about the incident proton direction pQ • The only non-zero state 

multipoles then are <T(1 )q q > and <T^ ^ 2 0 > ' describe the

above Stokes parameters. The polarization n 1  in all cases 

vanishes and the circular polarization n2  for different cases is 

given by:

(1 )

in
( 2 )

m 2 = 4 c <“)’1<o |Ií I|1>|2í°x (1)01<t (1)¡0> + Gx (1)°i<T(1)¡o>}sin0Y
( 3)

ln2  = 4  c (m ) |<0||r;||l>|2 {Gy (l)°°<T(l)¡0> + V ^ l ^ 1 5 20>}sin6Y

(IV.5-4)

The intensity I and the linear polarization n^ in all the above 

cases is 

I = c(o>) l<0||r||l>|2 {3^3 G0 <t (1);0> + ¿ / | ( 3  cos 2 0y - D G 2 <t (1) ¡ 0

ln 3  » - -fir c (oj) I <0 I |r| |l>| 2 sin2 0Y G2 <t (1)20> (IV.5-5)Y 2

The different perturbation coefficients are
1

0

—  00
G£ ( 1 ) 0 1

—  13
G 1  “ 16 T G2 = 12 T

- 0.026915 3777 x 10 P (I) ,E
G (l)** = 0.006634055 x 10_ 8  P (I) ,£  21 E

G (1)°° - 0.00 7660 3469 x 10_ 8 P (I) ,E  21 E
G (l)Í'Í * 0.0000247824 x lo“ 8 P (I) , E  12 E

(x, y, z)

P (I) is the polarization of the incident protons. Note that by
E
measuring I, In2 and In 3 at fixed proton energy and photon detector
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—  + f *-
orientation 0^ with pQ , the multipoles ^  qq> 9 <T 1̂ ^2 0 >

(or equivalently electron capture cross sections Q(0) and Q(l) 

and spin polarization P^(I) °f the protons can be found. Hiis 

fact can also be used to make a spin polarization detector for the 

protons.

All the state multipoles

<T( 1 ) >
KL Q- 
“x L 1

can be found from the set of relations (IV.5—1) , (IV.5-2) or (IV.5-3) by 

suitable manipulation in different expe riment al situations. For 

the experimental arrangement of Hippier et al1* 0 in the situation (1) 

of sub-section (IV.5) A for exanple, we get from (IV.5-1)

I+ = c(w) |<0 ||r||l>|2 <3 $ 3  G0 <T(1)J0> + G2{ ~ J I  (3 cos2 eY - 1) <T( 1) ¡Q>

+ \  sin20 cos2<J> <T( 1) }) (IV.5-6)
3 Y r

I- = c(<u) |<o||r||l>|2 (- ^  sin28Y cos*^ G2 <T(1 >21>

- % sin26 sini)> G,(l) ̂  i<T(l)|_>) (IV.5-1)
3 y  Y ^ 12 I I

where

I- - I(6y , i y) + I(0Y . * y + ">

All the five state multipoles can be found by moving the photon 

detector to five different directions (0^, 4>y) keeping the particle 

detector and the incident projectile energy fixed.



(B) Collision in j j  Coupling

We assume sharply defined fine structure states of H(2p)*. 

Furthermore, since the radiative decay does not change the spin of 

the excited atom3 (so that the dipole matrix element can still be 

evaluated in the LS scheme) , the Stokes parameters in different 

cases of proton polarization can be written as follows:

( B = i Case (Pi state) :

I  ( i) , I ( i ) n 3(J) and I ( i )  T^ti )  are independent of the proton 

polarization, i.e. for all the three cases (1) , (2), (3) we get

I ( J )  -  c (oj) | <0 | |r| |l> | 2 3 7 - gq (J) <T(5)q Q >

n3 (i) * o = n 1 (3)

(IV.5-8) 

(IV.5-9)

Hie circular polarization for the three different cases is
( 1 )

( j ) n2( j )  = -y c(ü)) I <0 I |r| I X> I ([- /2 sine sin^ G ^ i )  i<T(i) 13>]

+ coseY V i,oi<T(1,oo>)
( 2 )

I(5 )n-(i) = c (oj) | <0 | |r| | 1 >|Z ( [independent ] + sin6 Gx ( J) g“ <T( i )  QQ>)
polarization -  # l 4 0 0

term

(3)
j  ~ polarization _  qo t

X(j)n2 (í) = -y c(üi) I <0 I |r| 11> | ( [independent ] + sinS^ Gy (i) Q 1  <T(J)Q0>)
term

(IV.5-10)

where

Gq (g) * 0.1596169194 x lo"8 , G^J) ■ 0.061933777 x 10

G (J)°° = 0.1589975815 x 1 0 ” 8 P (I) , £  = (x, y, z) .p 0 1  £

- 8

A
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<B2> J! - 2 Case <P3/2 state)

(1 )

1 ( f )  - c ( u , ) | < 0 | | r | | l > | 2 ( t 3 J _  G0 ( | ) < T ( | ) J 0 > + G2 ( | )

X { i / f  (3 cos2e - l)<T(f)+0>

- j  sin2 0 Ycos*Y<T(|)21> + -j sin2©Y

1 —  3 11 3 t- —  sin2 0  3 Y sin*Y G z ( | ) 1 2  X T C f ) ^

1 —  3. 11 . , 3 . t- ±  sin2 0 Y Sin* v GZ(2)32 1 <T(2)31>
1  2 —  3.22 . , 3. t+ i  sin2 0Y sin2 *Y Gz ( | ) 3 2 i<T (7 ) 3 2

2 )+
T  22

/ 2I(f)n2 (f) » -¡y c(0>) I<0 I |r| |1>T([- /2 sin©.^ sin*Y G^f) <T(|) ̂ >] 

+ =oseY{Gz (|)°°<T(|)0+0> + G,(|»“ <T(|» 2V >

- / 2  sin0Y cos*y

3. t

i(f)n3(|) ■ i c(a.) < 0| |r||l>|2 (G2 (|) t / f  sin20Y<T(f)^>

+ sin20 cos* <T(̂ -)̂  > + ( 1 + cos2 0 )cos2* <T(à* >]

+ sin20Y sin^ Gz(|)JJ i<T<f> Ii>

+ sin20Y sin<(>Y Gz(f) ̂  i<T(|) 3*>

+ (1 + ccjs23Y)sin2((iY Gz(̂ ) 22 i<T(j)22>)

—  c (u>) I <0 r| |1>|2 (2G2 (|-)

[sin©Y .sin((>Y<T(|-)21> + c o s0y sin2*Y<T(-|) 22>] 

- 2 sin0 cos* Gz (j ) 3 2  i<T(j)^1>

- 2 sin0 cos* G (■!■) i<T(-̂-) >)Y y z z 32 2 jl

x
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Note that once again we have put all the terms indepent of proton 

polarization inside the square brackets.

( 2)

3 2I (*j) * c (oj) |<0 ||>r||l>| ([polarization independent terms]

+ T  sin29Y 3in<\  i<T(I)Il>

+ T  ain2S  sin*Y 32 i(- T

- ¿ c o s 2 9Y sin2*Y Gx (f) 23 2 l<T(|i ¡2»

¡2 2—  c(u>) | < 0 | |rj 1 1 > | ([polarization independent terms]

+ sin0Y ^x'fCl
Gx (li 2 1 (i<T(i)io> + /2 <T(|)^>- / f ^ f ) ^ ) }

i(f) n 3 (f)

- /2 c o s9y cos*y Gx(f)^ <T(f»¡x»

1  2- -j c(u) | < 0 | |_r | 1 1 > | ( [polarization independent terms]
-  , 3. 11 ____3* tsin29Y sin<t>Y Gx (f)12 KTIj) 1X>

/3- sin20 sin<|> G &  ̂  (-- “  <T(y)
y  y x 2 32 4 2

—) f 2' 30

* ^ ¡ 3»
- (1 * Gx ( | ) !3 2  i<T<|.;2.)

I<f> ■>,<!>
1 2■j c (oj) | <0 | |i:| 1 1 > | ([polarization independent terms] 

+ 2 cose^ cos ^  Gx (|)^

+ 2 cos6 cos<|> G (■§) i(~ “ T <Ti T K n>y Yy x 2 32 4 2 30

* -T  *

* «<*1 »
+ 2 sin© cos2<J> G (7 ) ^  i<T(^) 1>) (IV.5-12)y Yy x 2 32 2 32
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(3)

3 2I(y) * c(uj) |<0 ||<r||l>| (polarization independent terms]

- (3 sin2eY - D y f ) ™

- efe < 3 3in\  - 32 iC^3<T(|* Jx>

+ /5<T(y) j3>)

+ 473 sin26y cos^ Gy (f) £  i<T(f)^>

+ iv ^ a  i(2T?cos\  cosîy <T<f>I1>
- c o s 20y sin2i(iY <T(j )^2>))

i(|)n2 (f)
^ 2 2—  c(o)) | < 0 | |i:| 1 1 > | ( [polarization independent terms]

+ sineY{Gy (f)°° <T(|»^> - Gy <f>™

x <̂<T(l)¡o> +/?-<k 2»»

I(j) n3 (j) = - j  c (oj) I < 0 I |r| |l> I 2 ([polarization independent terms]

+ /3  V 3 » S  i< T ( i )+30>

+ ®y(l',32 «»yftl + sin2 0Y)cos2 l(>Y <T(|)

- (1 + sin20 )sin2<j> <T(-r) t0>>)
Y Y  ̂ J-s

K f i n ^ f ) ■J c (0)) I <0 _r| 1 1 > | ([polarization independent terms] 

- /3 cos 2 0y Gy (f>™ i<T(|»^>

-  2 sin 0 Y c o s*y  Gy ( j i  32 i< T « |* J i>

- 2 cos0y c o s2*y Gy (■—) 2 2  i<T(y) 3 2 >) (IV.5-13)

when it is not possible to separate the p 3/ 2 and P l/ 2  states 

optically then the light intensity related to those has to be
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summed up. Then for example in case (1) for the H(2p)* state 

we have

I - c(u>) I <0 I |r| |l>|2 (t-3 7 j < V J,<T<1 ,00> + V i *  <T(|^oo>)

+ Vi* {?/f<3 cos20y " « <*<|»îo>
- sin2 0 Y cos<t>Y <t <2  ̂2 1 >

+ -j sin29Y cos2*y <T(j >22>^J

- ±  .in29Y sin*y Gz (| )^  i < T ( f ) ^  

- i s i n 2 0 Y s i n ^ â z(f)^i<T(f)+31>

+ 1  Sin\  Sin2\  Vf»32

Xn2 - -y c(u) I < 0 I |r| 11> 12 ( [- /2 sin0 sin* (G^ J )  <T( J)

+ V f ^ I l *»1
+ =o s 0y {(Gz (J)°°1 <T(J);o> + G z ( | ) ° ° 1  <T(f)0V ,

+ <T(I}2 0 >}

/ 2  sin0 cos* Gz (f)^ <T(|)31»

in. i(f)n3 (f) and In (IV.5-14)

Similar relations can also be found for cases (2) and (3). The

perturbation coefficients for P 3/2 are

G0 (|) = 0.1596169194 x 10~ 8 ,

°l<f) = °- 1 1 9 7 3 7 4 7 2  x 1 0 " 8 '
3 - 8-  (•£) = 0.0399785773 x 10 ,

G2 2
G (-t)0° = 0.1337320253 x 10 8  P 2 01
G = 0.0133402972 x lo” 8£ 2 21

(x, y , z)

PC!) , £
P (D 
£
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(— ) 11 v2'  21

3 00 
12) 12
( 2) 11 V  1 2

(2)00 
mK29 32

(— ) 1 1  v2; 32

0 . 01155 30 362 x lo “8 P (I) ,
£

0.10700 7786 7 x 10~ 8 P (I)£
0.0926714616 x H ) “ 8 P (I)

£
0.0027675078 x 10~ 8 P (I)£
- 0.0026092314 x 10~ 8 P (I) ,£
- 0.0020627785 x 10~ 8 P (I)

£

Note that

GQ (i) = GQ (|) and G^i) ft G^f)

By appropriate experimental measurements and using relations 

(IV.5-11) to (IV.5-13) for the Stokes parameters, all the state 

multipoles of interest can be found. It is, however, not possible 

to find all the state multipoles for p 2/2 331 d P l/ 2  from e<*#

(IV.5-14) when both the fine structure lines cannot be resolved 

optically.

When the target and the projectile happen to be the same atom, 

the detected photons can result from two competing processes. For 

instance when protons collide with a hydrogen atom, we have the 

reactions

H+ + H -► H* + H+ (Electron capture)

H+ + H «*■ H+ + H* (Direct excitation)

Both the excited states may happen to be identical. In this case 

and for conparatively large relative velocities, the two photons 

are Doppler shifted and may be distinguished.

At low velocity of the projectile the m
Li

0 sublevel is
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preferentially populated. Then the non-zero state multipoles are

<T(1 >0 0 >' <T(1 )2 0 > ’ <T(*)0 0 >' <T(^, 1 1 > ’ <T(3 /2 )0 0 > ' <T<3 /2 )li> •

Hie relevant Stokes parameters cam be obtained by using this 

consideration.

Hie last point is that the investigated state can be populated 

not only by direct capture of an electron, but also by capture 

from a higher state followed by decay with transition to the 

investigated state. This problem is quite tricky and Berezhko 

and Kabachnik6 have tried to tackle it. Their eqs.(24) and (27) 

can be used to account for the effect of cascading.

31+
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CHAPTER V

DISCUSSION AND NUMERICAL RESULTS

V.l ELECTRON-ATOM COLLISIONS

The electron-photon angular correlation without spin analysis

has provided a complete determination of all scattering and target

parameters only in connection with the excitation of singlet
aQ

states of helium3 5  (in terms of X = , the phase difference

between aQ and a^ and a the differential cross section) . 

Scattering parameters consist of scattering (or excitation) 

amplitudes and their phase differences. Target parameters as such 

are orientation, alignment and multipole moments of collisionally 

excited atoms. A complete determination of all scattering and 

target parameters represents maximum possible information on 

observable quantitues of atomic excitation. The electron photon 

coincidence technique without spin analysis has, however, furnished 

complete information on alignment and orientation of the excited 

atomic states in terms of Stokes parameters. The problems which 

are related to the coherence of the excitation are also analysed by 

studying the degree of coherence of the coincident photons emitted 

from the excited atoms. The "degree of coherence" | \i | is 

defined through the "coherence correlation factor" y by the 

relation3 6

nl * i n 2

/l - n2  
3

iB

where B is the effective phase difference". For completely 

coherent excitation (^P states of He)

| vi | = | P | = 1  / where P * /n* + n£ +



In general for partially coherent excitation 

|u| S i  |p| s 1

The 1P state of He is the simplest excited state where there

is no spin-orbit interaction in the collision and no fine and hyper-

fine structure splitting of the excited state. For electrons

scattering on light atoms (elastic as well as inelastic) it is a

good approximation to neglect spin orbit coupling effects during

the excitation but exchange effects are indispensible. One then

distinguishes direct and exchange scattering processes and inter-
2ference between them. For instance a P state of light atoms is 

described in terms of four scattering amplitudes (fQ , f^, g^, g^) , 

which requires seven real parameters to describe the scattering 

process (note that ^P state of helium requires three real parameters 

only) . In the simplest angular correlation experiments which are 

restricted to "directional correlations" only, the electrons and 

photons are observed in coincidence without spin analysis. These 

experiments extract five targe parameters (<T(1)qQ>, <T(1)^>,

<T(1)2 0 >' <T 1̂ ^21>/ for a P state in terms of Stokes

parameters. It is not possible to find out complete information 

on scattering amplitudes (f^, f^, gQ, g^) from these five state 

multipoles. The progress of technology of producing spin polarized 

electrons and spin polarized atoms has, however, enabled the 

experimentalist to carry out a new generation of "angular correlation" 

and "Polarization correlation" experiments with spin polarized 

particles (electrons, protons etc.) and spin polarized atoms.

Bartschat et al (1981J21 have only recently worked out a theory of 

measurement on electron-photon-coincidences with polarized electrons 

and have reported the initiative on such experiments in Mtinster (West



Germany) . D. Hils and H. Kleinpoppen (private communication) are 

planning to carry out measurements on elastic scattering of electrons 

on polarized Cs atoms.

In section II.4 we have already shown how the scattering
2amplitudes (fg, g^, g^) can be completely determined for a P

state of light one electron atom as target if one starts with 

electrons and atoms polarized along p Q direction. Similarly in 

section II.2 we have worked out a scheme to find the direct ('f') 

and exchange ('g') amplitudes for elastic scattering of electrons 

on light one electron atoms by applying spin polarization analysis. 

The experimental data on target and scattering parameters extracted 

by the theory of measurement may be compared with the predictions of 

different theoretical approaches and could prove to be a sensitive 

test ground for assessment and evaluation of these approximation 

schemes in finest detail. For illustrating this point we have 

plotted numerical results on the dimensionless quantities a^/2a,

a&X/2a, alnty 2a, Re f*g/a for elastic scattering and a^/2a, a^/2a

d e x  /0 ex/n ex. ^ int int int _a /2 a; a^ /2a,  a^ /2a, a /2a and a Q /2a, â  ̂ /2a, a /2a for
2 2S P excitation of light spin one half targets by low energy 

electrons in adjoining figures. As can be seen theoretical predic

tions on these quantities show interesting structure with respect 

to incident electron energy and scattering angle and could draw the 

attention of the experimentalist to carry out these measurements.

This type of investigation may lead to greater insight into electron 

atom collision physics.



100

V.1A STEADY STATE EXCITATION

In Chapter II, we described the polarization properties of

light detected in coincidence with the scattered electrons (that is,

those photons which are only emitted in the direction n^ by the

subensemble of atoms which scattered the electrons in the direction

p. = (0 , <p )) in terms of Stokes parameters. We now consider the x e e
case where the scattered electrons core not observed. It is assumed 

that the resolution of the photon detector is sufficient to restrict 

the observation to photons emitted in a transition between levels 

with fixed quantum numbers L^s^ L2S2 * Since the electrons cure 

not observed, however, all photons emitted in this transition must 

now be taken into account irrespective of the direction in which the 

electrons are scattered.

If one considers excitation by a steady flux of incoming 

electrons the time at which the photons are emitted is no longer 

uniquely defined with respect to the excitation time and the time- 

integrated form of the polarization density matrix p*(n^)^,^ must 

be used (the time dependent exponential in the perturbation 

coefficient is integrated from t = 0 -*■ « with negligible error) .

The excited atomic ensemble is invariant with respect to 

rotations around the direction of incident electron pQ , which is 

imposed by the geometry of the experiment. The state multipoles 

which are functions of the scattering amplitudes are then integrated 

over all scattering angles. We define these integrated state 

multipoles by the relation

<T(j)KQ> = J di2e <T(j)KQ> (V.l-1)

where dfl is the solid angle subtended by the electron analyzer on e
the interaction region.



For instance, when we start with initial electrons and atoms

polarized along the direction pQ (initial electron direction) , 

the excitation process is axially symmetric around this direction 

but not invariant under reflection in planes through this vector 

(since the initial polarization vectors change their sign under this 

trans format ion) . Then in particular <x(j)^>^ 0 .

We normalize according to the relation

/<|ap (M)I2  d«e " Qm  and Q - l  QM (V.l-2)
M

where Q is the integrated cross section for the magnetic sublevelM
M and

Q_m = Qm  CV.1-3)

The rotational invariance of the excited atomic ensemble about 

pQ direction (Z-axis of the 'collision frame' - Fig.(2)) means that 

the choice of the X and Y axes perpendicular to Z is arbitrary 

and the physical properties of the ensemble in consideration must, 

therefore, be independent of this choise (i.e. the particles cannot 

'know' how the X and Y axes of 'collision frame' cure chosen).

In particular the observables like state multipoles must have the 

same value in the XYZ system and in the system xrYrzr obtained by 

a rotation about the Z-axis through an arbitrary angle y , i.e.

<T(j,j>KQ> “ <T« ,i»iQ>rot. (V*1_4)

But by transformation eq. (1.5—6) we have

<T(j'j)^>= I <*<J,3>£J>r(rt;D<OOY>2)* <V.l-5)

where y denotes the angle between the X and the Xr axes.



Since
(v\ *

D(OOy)^ - exp(-iQy)6(q, Q)

we obtain

exp(-iQy) (V.l-6 )

Because of the axial symmetry eq.(V.l-6 ) holds for any arbitrary 

rotation of angle y about Z-axis. This requires that Q * 0, 

i.e. all components of the state multipoles with Q ^ 0 must vanish 

as they violate the symmetry condition (V.l-4). Then from eq.(1.5-4) 

we infer that for an axially symmetric excitation, the states with 

different components of angular momentum are necessarily incoherently 

excited (provided the quantization axis coincides with the symmetry 

axis). Thus a coherent excitation of angular momentum states requires 

a priori an excitation process which is not axially symmetric (e.g. 

by coincidence method etc.).

In view of the above deliberations, the Stokes parameters (in 

eq.(II.3-32)) for the axial symmetry become

+ g <i,° H (i,!o >)

m 1 = o . (V.l-7)

Note that in relations (V.l-7) the circular polarization is 

induced by the initial spin polarizations of electrons and atoms.



V

This is obvious due to the dependence of the relevant state multipoles 

on the initial spin polarizations and the perturbation coefficients 

on the final atomic spin polarization. When one or both the initial 

spin polarizations vanish we get no circular polarization which is 

in agreement with Blum and Kleinpoppen. 5 The circular polarization 

also disappears when the photons cure observed in a direction normal 

to the incident spin polarizations.

The state multipoles <t (l)tn>, <t (1)TA> and <t (l)^n> arep oo p i.0 p ¿ 0

found by the procedure outlined at the beginning of section (II.4).

The non-vanishing of the circular polarization and the

orientation < t (1 )T^> in case the excitation is axially symmetric p 1 0

can be explained in a simple way.

Due to spin orbit relaxation during the relatively long life 

time of the excited state (t >>tc) there is a periodic exchange of 

polarization between atomic spin and atomic orbital systems result

ing in polarization of the orbital system and simultaneous 

depolarization of the spin system. This is reflected in the 

expression for circular polarization, where <t^( 1 )q0> and

<t (l)t_> are multiplied by final atomic polarization dependent p 2 0

perturbation coefficients. The non-vanishing of the orientation, 

however, is a consequence of the initial spin polarization (it 

vanishes when the initial spins are unpolarized or are polarized 

normal to the scattering plane).

103
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V. IB POLARIZATION OF THE ELECTRON IMPACT RADIATION
AAny polarization state e of the photons propagating in the 

direction n^ = (0^, $^) can be parameterized as

ê = cosß ê(6 ,̂) + e^sinß ê(<|>̂ ) (V.l-8 )

where 6 is the phase which describes elliptical polarization.

In the case of linear polarization 6 = 0 and 8 is then the angle 
A Abetween e and e(0 )̂ ? for circular polarization 6 = ir/ 2  and 

cos8 = sin8 = . The intensity of the photons emitted at time t

in the direction n in polarization state e is then given in

terms of the Stokes parameters by the relation3 7

I(e, n^? t) = .-—{ 1  + ^ 3  cos28 + n 1  sin28 cos6 + n2 sin28 sin6 }

(V.1—9)

where I is the intensity of the photons in the absence of the 

polarizers.

In the experiments with axial symmetry, the photon detector

is usually placed normal to the incoming electrons. We choose

n as the X-axis of our 'collision frame' (A = (■?•, 0)), then Y Y 2

cosß e(j) - sin8 e(0) (V.l- 1  )

one measures the polarization P , which is defined as

I ii - I.
1 1 I + I (V.l-11)

1 1  | and I ± being the intensities of the light polarized parallel

( 8 = 0 )  and perpendicular ( 8 = 90°) to the Z-axis. Applying 

eq. (V. 1-9) in eq. (V.l-11) we obtain

P = n3 (x) (V.l-lla)

If we substitute 6 =90° in the Stokes parameters (V.l-7) we

obtain
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I(X) - c(U)|<o||r||l>|2 [3 ^ G 0 <Tp (l)J0> - 6 ^  V T p d ) ^

+ (3?3 g(1)°iS - t/ | s(1>S<tp<«Io>] •
n2 (x) - o

I(X) n3 (X) * -j  c(0)) |<0 I I r| 11> I 2 [ / j  G2 <t£>(1) 2 0> + / J  G(1) 12<Tp (1 )10>]

(V. l-7a)

/
2 2 2

 ̂ \  + ^2 + n3 is t îe <̂e9ree
polarization and is now given by the relation

1  + 
7e ; 2 i{373 g o <tp (1 )Jo > - 673 G2<Tp(1)io> + <37J G(1)io - t/ I g(1)

X <Tp ( 1) 1 Q>^ (V.l-12)

Note that in contrast to unpolarized initial spins case the 

polarization 'P' depends on the orientation <Tp ^ ^ i o > the

spin polarizations.

V. 2 THRESHOLD AND PSEUDOTHRESHOLD EXCITATION

When all spin couplings are neglected during the collision, 

orbital and spin angular momenta are separately conserved. This 

means that

m + in = m + m, (conservation of spin)
so 0 si 1

and

m + M = M, + (conservation of orbital angular momentum)
0 * 0 1  l l

where A and A, is the orbital angular momentum of the electrons 
0 1

before and after the collision respectively (M and M are the
* 0  1

relevant magnetic quantum numbers) • The incident electron has no 

component of its orbital angular momentun along its direction of
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motion p (M * 0) . After the excitation at threshold the
U * 0

scattered electron has zero energy and hence zero orbital angular

momentum (M^ = 0) . It follows that • For excitation

from the ground state (LQ * 0 = MQ) only the substate with M 1  - 0

can be excited at threshold. The threshold polarization for 
2 2S P excitation of light one electron atoms (considered at the 

end of section II.3) then turns out to be

Note that we put a bar to indicate the integrated polarized cross

Note that the threshold polarization in eq.(V.2-2) is independent 

of cross sections etc; whereas that in eq.(V.2-1) depends on the 

scattering amplitudes and spin polarizations.

There is considerable interest in the polarization of impact 

radiation at threshold. The direct measurement of threshold 

polarization is difficult because of intensity problems and also 

because of the effects of cascades and resonances in the energy range 

just above threshold. King et al (1972) 3 9 have, however, pointed out 

that polarization measurements made for the subensemble of atoms 

which have been excited by forward-scattered electrons reproduces 

threshold conditions as far as polarization is concerned and that 

errors due to cascade and resonance effects are eliminated.

P• = + —  - thr 3

(V.2-1)

section (i ) for magnetic sublevel * 0 . When the initial 

electrons and atoms aure unpolarized or polarized normal to the 

scattering plane, one then finds (e.g. for Lyman-a 38)

Pthr = 43.12% (V.2-2)

For



107

the forward scattered electrons we have » M (taking
A A 0 1
Pq = as Z—axis of the 'collision frame') • Then exciting the

atoms from the ground state and neglecting spin-orbit effects during

excited. The relevant expression for polarization is then found by 

replacing integrated quantities (cross-sections, state multipoles 

etc.) by differential quantities in eq.(V.2-1)

In general when initial spin polarizations have a component in the 

scattering plane

Pthr. *  Pfor. (V-2‘3)

unless we have the condition

< X (j);Q > - <T(j);Q> .

When the initial beams are unpolarized or polarized normal to the 

scattering plane one then obtains for the case in consideration

= 43.12% (V.2-4)thr. for.

V.3 ELECTRON CAPTURE

It is possible to extract valuable information on the complex

mechanism of electron capture process by measuring the angular

distribution and polarization of the photons emitted by the resulting
(Z-l)*hydrogenlike excited state P . The angular distribution of

these photons is studied in a 'particle-photon angular correlation' 

experiment where the position of the photon detector is varied while 

keeping the particle detector (a channeltron) and the energy of the 

scattered atom (or ion) P*Z ^  fixed. This measurement gives the 

coincident intensity 1 (0 ^, as a function of the photon detector

P
(V.2-la)



position (0 ,̂, respect to the incident projectile direction

Pq • For instance using polarized protons in the experimental set 

up of Hippier et al ,1*0 all the state multipoles characterizing the 

resulting H(2p)* state can be found from eqs.(IV.5-6) and (IV.5-7). 

Note that the orientation <T(1)^> can not otherwise be extracted 

from experiment without measurement of circular photon polarization 

by using unpolarized protons.

(Z-l)*It is worthwhile to note that when the scattered atom P 

is recorded in coincidence with photons emitted in different 

polarization states (the so called 'polarization correlation 

experiment') and by keeping the axes of the particle and photon . 

detectors fixed in space, all the Stokes parameters depend upon the 

spin polarization of the incident projectile. This dependence of 

the Stokes parameters on the spin polarization of the projectile 

can be exploited to construct an optical detector for the proton 

spin polarization. This optical detection of proton spin polariza

tion is done by measuring the Lyman-a circular polarization without 

detecting the atoms in coincidence. This becomes obvious when we 

rewrite eqs.(IV.5-4) and (IV.5-5) in the following simplified form:

1(9^) = 1160.114169 [24Q - (3 c o s ^  - 1) {Q(0) - Q(l) }]ergs/cm2/

steradian per atom

n „-P (I) COS(9 ) [4.95653783Q + 1.99 499 3021{Q(0) - Q(l)}]/
2 p sin y

[2 4Q - (3 c os 2 9y - 1) {Q(0) - Q (1) }] 

n 3 = 3 sin2 9Y{Q(0) - Q(1)}/[24Q - (3 c o s ^  - 1){Q(0) - Q(l)}]

The circular polarization goes with a cosine for longi

tudinally polarized protons and with a sine for transversely 

polarized protons. Note that by measuring these Stoke parameters.



the electron-capture cross sections Q(l), Q(0 ), Q - Q(0 ) + 2 Q(1 ) 

and the spin polarization P^(I) of the incident protons can be 

extracted. The circular polarization n2 is a direct measure of 

the spin polarization of the incoming proton beam and vanishes for 

zero spin-polarization of the protons.

When the fine structure states of H(2p)* can be optically 

resolved in Case B, state multipoles of rank three can also be found 

for the P 3 / 2  state by applying polarized protons (note that with 

unpolarized protons, the observation of dipole radiation can not 

provide information on state multipoles of rank higher than two.)

Another extremely useful aspect of this formulism is that it 

relates physical measurements with predictions from theoretical 

approximation schemes. To illustrate this we have plotted linear 

and circular polarizations of the Lyman-ct radiation which results 

from H (2p)* excited state produced by electron capture on a 

hydrogen target {Figs. (4, 5) } . If experimental measurements of 

the polarizations of Lyman-a radiation are carried out and compared 

with the relevant theoretical predictions in Figs.(4, 5), these may 

prove to be a substantial criterion for the evaluation of the 

various approximation schemes applied. This may also increase our 

understanding of the detailed mechanism of the electron capture 

process itself.
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