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Abstract. Recent developments in artificial intelligence have led to pow-
erful machine learning approaches to model fluctuating dynamics in fi-
nancial time series, even in the presence of non-stationary behavior. How-
ever, such methods often suffer from limited interpretability while un-
certainty, arising from complex data fluctuations, remains difficult to
quantify.

We present a method that decomposes financial data into different fre-
quency components and trends, thereby enabling explicit identification of
cyclical patterns and long-term trends. Concurrently, noise components
are separated from signal components. Its effectiveness and its high pre-
dictive accuracy have been demonstrated in the interpretation of some
financial time series.

1 Introduction and Motivation

A main challenge in time frequency analysis is the development of explainable
models for fluctuating data without relying on rigid modeling assumptions. Re-
cent advances in artificial intelligence have led to the widespread adoption of
machine learning methods, such as recurrent neural networks, due to their strong
predictive performance [2]. However, their complexity often limits interpretabil-
ity and transparency in decision-making.

Classical autoregressive approaches, including Autoregressive Integrated Mov-
ing Average (ARIMA) and Generalized Autoregressive Conditional Heteroskedas-
ticity (GARCH) models, have been combined with machine learning techniques
[2]. Nevertheless, their reliability is constrained by a limited ability to distinguish
structural components from noise and a strong dependence on lagged dependent
variables [5].

On the other hand, signal processing techniques have been widely applied
to financial data due to their ability to decompose cyclical components or long-
term trends while separating noise. Among them, the Discrete Fourier Transform
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(DFT) and Singular Spectrum Analysis (SSA) are frequently used. However,
Fourier-based approaches assume periodicity [1] while SSA does not retrieve
explicit parameters such as frequencies and damping factors that are essential
for an estimation model [5]. To address these issues, we present a framework for
financial time series, based on the Matrix Pencil (MP) method [3], a modern
version of the classical Prony method [4].

We integrate recent developments in exponential analysis to enhance inter-
pretability and demonstrate the effectiveness of the approach on real financial
datasets in terms of reconstruction and predictive accuracy. The proposed frame-
work emphasizes interpretability by explicitly linking the extracted exponential
components to financial concepts such as trend, seasonality, and transient effects.

2 Methodology

2.1 Time series modeling with the MP method

We briefly summarize the model behind the MP method. The observed time
series data y; at time t; are decomposed into two parts: a structural part repre-
sented by a sum of complex exponential functions, denoted by f(¢;), and resid-
uals, denoted by 7(t;):

y; = f(t;) +r(t;). (1)

The time points t; = jA, j =0,...,N — 1, for a total of NV observations, are
taken equidistantly where A denotes the sampling interval. In typical financial
time series applications, A is set to unity without loss of generality.

The MP method extracts and decomposes structural components, such as
cyclical components and long-term trends, as

f(t5) = Z ; exp(pit;), (2)

where ¢; € C characterize cyclical components when they have non-zero imagi-
nary parts and trend components when they are real. The cyclical components
can be damped or can grow. We call the coefficients «; € C the amplitudes. The
model is explainable because each component corresponds to an («;,¢;) pair,
thus allowing interpretation in terms of trend, seasonality, and transient effects.

Asin SSA, the MP method employs the Singular Value Decomposition (SVD)
of a Hankel matrix constructed from the time series. A Hankel matrix is a rect-
angular matrix with constant values along anti-diagonals. The numerical rank of
the Hankel matrix, determined using a data-driven criterion based on the decay
of its singular values, determines the number of terms pu.

Subsequently, the MP method differs substantially from SSA. MP identifies
the exponential terms in (2) explicitly, through the solution of a Hankel struc-
tured generalized eigenvalue problem.
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2.2 Hankel embedding and Singular Value Decomposition (SVD)

The time series is embedded into a Hankel matrix H € RLxM
Yo Y1 Ym—1
Yy Y2 - Ym
H= . )
Yr—1 YL -+ YnN-1
where L=N—-M +1and L > M.
Computing the singular value decomposition gives

H=USWT, (4)

where S = diag(s, ..., sy ) contains the singular values ordered according to
decreasing magnitude. Small singular values are typically associated with noise,
and a threshold 7 is used to determine the numerical rank p of H. The threshold
7 can be selected based on the relative decay of singular values.

2.3 Identifying the exponential terms

We define @; := exp(¢;A). The unitary matrix U € CL*L in (4) contains the
left singular vectors:

Uy,1 1,2 ©- UL L
U1 U2,2 *++ U2 L

U= . . ) . (5)
ur1vuL,2 - UL, L

_ Applying the threshold 7 to the singular values s;, a truncated unitary matrix
U € CE*# is constructed by retaining the p dominant left singular vectors:

Uy, U2 - Uiy

- U2,1 U2,2 *-* U2,y

v=|( . . . (6)
Ur,1uL2 - UL

Next, the matrices U©®, UM e CE=D*k gre formed by removing the last
and first rows, respectively:

Ui Uy -+ Uiy U1 U2,2 *° - U2y

- U2,1 U2 -+ U2y - Uzl U3,2 - U3y
U(O) — . s U(l) = . . . . . (7)

UL—1,1 UL—-1,2 " UL—-1,p Ur,1ur,2 " ULy

The generalised eigenvalue @; is now obtained by solving the generalised
eigenvalue problem: ~ R
UWw; = 6,00 w;. (8)
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From @; the frequency parameter ¢; can be determined, subject to the con-
dition
max [3(¢;) A <,
3

where we usually set A = 1 in financial time series.
The amplitudes «; in (2) are obtained from the interpolation conditions:

1 1 - 1 a Yo
b Dy - D, Q Y1
; : N : )
Yty N ) \ay, YN -1

2.4 Forecast and residuals

The above procedure yields the frequency parameters ¢; and amplitudes «; in-
troduced in (2), from the observed data. These parameters are then used to
forecast future values of the time series. Future values are predicted by extrapo-
lating the exponential model (2) over a short period of time beyond the observed
interval.

The prediction accuracy is defined as the relative error

y; — f(t))
Yj

rt;)|

Yj 10)

n; =

The residuals 7; are non-structural components representing uncertainty in
the financial time series model.

3 Result

Experiments using the MP method on real financial datasets demonstrate its
ability to capture both seasonal fluctuations and long-term trends in financial
transactions.

In this short paper, we focus on illustrating the interpretability of the pro-
posed method rather than providing an exhaustive empirical evaluation. The
extracted components reveal that certain cycles are more significant than oth-
ers, such as quarterly cycles, which is consistent with the fact that corporate
budget plans are typically reviewed on a quarterly basis.

In our experiments the relative deviation between the reconstructed time
series and the original time series was below 3% on average, with the error
distribution exhibiting positive skewness. Similarly, the average prediction error
between the MP-based forecasting model and the observed data remains below
5%, also showing a positively skewed error distribution. These error levels are
considered significantly low from a practical statistical perspective in financial
time series analysis.
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Moreover, the proposed method captures the magnitude and directional asym-
metry of cycle fluctuations, providing useful information for financial risk assess-
ment. From a methodological perspective, the MP approach does not rely on
recursive updates of lagged variables, which are typically used in conventional
autoregressive models such as ARIMA, and related time series frameworks. In
particular, it can distinguish cases in which either peak or trough behaviour is
more informative than the counterpart.

4 Discussion and Outlook

The new approach successfully expresses the significant seasonal fluctuations in
the observed time series and demonstrates high accuracy in predicting the future.
Detailed formulation of the procedure, model selection criteria, and experimental
results are described in a forthcoming paper.

The uncertainty dynamics of the non-structured part can be further analyzed
through an ARCH-type method applied to the extracted residuals, enabling the
assessment of time-varying volatility. In addition, some machine learning-based
model selection strategy may be incorporated.
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